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Abstract.

This paper is concerned with a class of ellipsoidal sets (ellipsoids and elliptic cylinders in R™)
which are determined by a freely chosen m x m positive semidefinite matrix. All ellipsoidal
sets in this class are similar to each other through a parallel transformation and a scaling
around their centers by a constant factor. Based on the basic idea of lifting, we first present
a conceptual min-max problem to determine an ellipsoidal set with the smallest size in this
class which encloses a given subset of R™. Then we derive a numerically tractable enclosing
ellipsoidal set of a given semialgebraic subset of R™ as a convex relaxation of the min-max
problem in the lifting space. A main feature of the proposed method is that it is designed to
incorporate into existing SDP relaxations with exploiting sparsity for various optimization
problems to compute error bounds of their optimal solutions. We discuss how we adapt the
method to a sparse variant of Lasserre’s hierarchy SDP relaxation for polynomial optimiza-
tion problems and to a standard SDP relaxation for quadratic optimization problems. Some
numerical results on polynomial optimization problems and the sensor network localization
problem are also presented.
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1 Introduction

We can describe an ellipsoid in the m-dimensional Euclidean space R™ by using two param-
eters, z € R"™ and an m X m positive definite matrix @, such that

E(z,Q)={veR": (v—2)"Qv—=z2)<1}.

Here z € R™ denotes the center of the ellipsoid and @ determines the shape and size of the
ellipsoid. If a set F© C R™ is bounded, there always exists an enclosing ellipsoid of F'. But
such an ellipsoid is not unique. Among enclosing ellipsoids, the minimum volume enclosing
ellipsoid of F'; which we denote by MVEE(F'), is the most important one in theory and also
in practice. If C' is a compact convex subset of R, MVEE(C') exists and it satisfies a nice
property [13] ZMVEE(C) ¢ C' c MVEE(C), where the ellipsoid on the left-hand side is
obtained by scaling MVEE(C') around its center z by a factor 1/m. When F is a finite set,
MVEE(F) has a lot of applications and several numerical methods has been proposed. See
(14, 23, 34, etc.] and the references therein. It is well-known that the volume of an ellipsoid
£(z,Q) is proportional to \/det Q'. Therefore we can write the problem of computing
MVEE(F) as

minimize — logdet @Q subject to F C £(z, Q).

We note that the objective function — log det @ to be minimized is a smooth convex function
in the m x m positive definite matrix variable ). What makes the problem difficult to solve
is the description of the feasible region. If we can replace it by a numerically tractable
description for a convex feasible region, we can solve the transformed problem. When
F' consists of a finite number of ellipsoids such a replacement is possible by linear matrix
inequalities [4], and we can apply the interior-point point method [35, 37] to the transformed
problem. Also Yildirim [40] proposed a numerical method for this case as a modification
and extension of Khachiyan’s algorithm [14] for the case where F' is finite.

This paper is concerned with a more general case where F' C R™ forms a semialgebraic
set described by a finite number of polynomial inequalities. Recently, Nie and Demmel [29]
proposed a numerical method for approximating a “minimum” ellipsoid for this case based
on sum of squares relaxation. They employed Trace Q' to measure the size of £ (z,Q),
and formulated the problem of finding an enclosing ellipsoid £(z, Q) of F' with the smallest
Trace Q' as

minimize Trace P subject to 1— (v —2)"P (v —2) <0 for every v € F.

Applying Putinar’s Lemma [31] on sum of squares of polynomials to the constraint, they
derived a sum of squares relaxation of the problem.

The Nie-Demmel sum of square relaxation method is very powerful in theory. In fact,
they showed under a moderate assumption that the optimal value of the resulting relaxed
problem, which can be solved as an SDP, converges to the optimal value of the original
problem as the degree of the polynomials used in the sum of squares relaxation tends to
infinity. They also presented some small-size numerical examples. In practice, however,
the direct use of their method is expected too expensive to solve a larger-size instance



because the resulting SDP to solve becomes larger exponentially as the underlying dimension
m is larger, the description of F' involves more polynomials and/or the degrees of some
polynomials there are higher. This drawback might be inevitable in some extent as long as
we use sum of squares (or SDP) relaxation technique since it is known expensive itself.

The purpose of the paper is to propose a less expensive and more practical ellipsoidal
enclosing method for a semialgebraic set F' C R™. For this purpose, we abandon MVEE(F).
Instead, we restrict ourselves to minimization of the size of an enclosing ellipsoidal set
(ellipsoid or elliptic cylinder) of F' with a given fixed shape. More specifically, we consider
a class of ellipsoidal sets of the form

E(z,p)={veR": (v—2)"M(v-2z)<p}

Here M denotes an m x m positive semidefinite matrix chosen freely in advance. Note that
we allow the case where det M = 0 so that the resulting F(z, p) forms an elliptic cylinder.
We want to find an F(z,p) with the smallest p that contains a semialgebraic subset F' of
R™. This restriction not only reduces the number of parameters m(m + 3)/2 in MVEE(F)
to 1 4+ m but also makes it possible for us to design a method which we can incorporate
smoothly into SDP relaxation methods (with or without exploiting sparsity) developed for
various problems including nonconvex quadratic optimization problems [5, 30, 32, etc.],
polynomial optimization problems [24, 38, etc.], polynomial SDPs [12, 19, 25], polynomial
optimization problems over symmetric cones [21, 22| and the sensor network localization
problem [1, 15].

Our ellipsoidal enclosing method is based on lifting. Its basic idea is to embed a non-
convex optimization problem in a convex optimization problem, which serves a convex
relaxation of the original problem, in a higher dimensional space. It has been playing an
essential role explicitly or implicitly in many SDP relaxation methods referred above. Using
the idea of lifting, we first present a conceptual min-max problem for computing an E(z, p)
with the smallest p that encloses F', where F' can be any subset of R™, not necessarily
restricted to be semialgebraic. We can reduce this problem to a maximization of a con-
cave quadratic objective function over a convex feasible region in the lifted space. But the
feasible region may not have any tractable representation, so we are not able to solve this
problem in general. When F' is a semialgebraic subset of R™, we can utilize existing SDP
relaxation methods to obtain a tractable convex relaxation of the feasible region. This case
is of particular interest because the resulting maximization problem to determine z and p
becomes an SDP; hence we can compute them by the primal-dual interior-point method
3, 6, 33, 36].

A major motivation behind this work is to develop a numerical method for estimating
error bounds in polynomial optimization. Consider an optimization problem

minimize fo(x) subject to « € Fp. (1)

Here fo(x) denotes a real valued polynomial in & € R™ and F, a semialgebraic set in
R™. Suppose that we have computed a lower bound of the optimal value and a rough
approximate optimal solution x° of the problem by applying an SDP relaxation to this
problem. In general, " is not a feasible solution of the problem, but we may apply a local
optimization method with taking =" as an initial point to the problem and compute a more



accurate global optimal solution & with a tighter upper bound fo = fo(x) for the global
minimum objective value of the problem (1). We assume that & € Fy. Then, if we take
F={xeF: fz) < fo} and M to be an m x m positive semidefinite matrix (for
example, take M to be the m x m identity matrix), the enclosing ellipsoidal set E(z, p)
of F provides an error bound for the approximate optimal solution & € Fj. Note that
(1) covers various combinatorial and nonconvex optimization problems such as 0-1 integer
linear programs, nonconvex quadratic programs, polynomial optimization problems and
even polynomial SDPs [12, 19, 25]. We can incorporate our method in a wide class of
SDP relaxation methods for such problems to compute error bounds for their approximate
optimal solutions.

In Section 2, we formulate the problem of finding an enclosing ellipsoidal set with the
minimum size, and derive a tractable convex relaxation of the problem using the basic idea
of lifting. In Section 3, we incorporate the convex relaxation method described in Section 2
into a sparse variant [38] of Lasserre’s hierarchy SDP relaxation [24] for general polynomial
optimization problems. We place the main emphasis on exploiting sparsity in our method
to compute error bounds for approximate optimal solutions of polynomial optimization
problems. In Section 4, we apply our method to general quadratic optimization problems,
and then specialize the discussion there to the Biswas-Ye SDP relaxation [1] of the sensor
network localization problem. This enables us to compute error bounds for locations of
sensors obtained by the SDP relaxation. Some numerical results on our method combined
with a sparse variant [16] of the Biswas-Ye SDP relaxation are also presented.

2 Main results

2.1 Notation and symbols

Let R™** denote the space of m x £ real matrices, S™ the space of m x m real symmetric
matrices and S the cone of positive semidefinite matrices. We write Y = O if Y € S for
some m.

2.2 A conceptual min-max formulation for the smallest enclosing
ellipsoidal set with a given shape

We deal with ellipsoidal sets in the space of m x ¢ real matrices to adapt our ellipsoidal
enclosing method to SDP relaxation in matrix variables. The Biswas-Ye SDP relaxation
for the sensor network localization problem, which we will discuss in Section 4.2, is such an
example. Let F be a subset of R™** and take a matrix M € S'". We consider the class of
ellipsoidal sets of the form E(Z,~v) = {V € R™: o(V,Z) < v} that contains F', where

e(V,Z) = Trace (V- 2)"M(V - Z))
= Trace(MVVT) - 2Trace(MV)'Z) + Trace(M Z)" Z)
for every (V, Z) € R™ x R™,



We formulate the problem of finding an ellipsoidal set E(Z,~) with the smallest v = +* as

~* = min max  p(V,Z 2
i s olV.2) 2

Now we transform the inner maximization problem to a maximization of a linear function
over a convex set in a higher dimensional lifting space. Define

C* = the convex hull of {(V,VV")eR™ xS":V € F},
O(V,W,Z) = Trace(MW) — 2Trace((M V)" Z) + Trace(M Z)" Z)
for every (V,W,Z) € R™ x S™ x R™**.

Lemma 2.1.

(i) Let Z € R™ " be fized. Then max o(V,Z) = max o(V.W . Z).
VeF (V,W)eC”

(ii)) v* = min max (VW ,Z).
ZcR™ (V,W)ecC”

Proof: Tt suffices to show (i) since (ii) follows from the definition (2) of ~* and (i).
By construction, we know that max ¢(V,Z) < max o(V, W, Z). Hence we

VeF (V.W)ecC”
only have to show the converse inequality. Let (V,W) € C*. By the definition of C*, we
can take V? € Frand A\; >0 (j =1,2,...,k) such that

(VW) =Y NV, VIV, 1=> "\
j=1 j=1
Since p(V, W, Z) is linear with respect to (V, W) € R™ x S™, we see that

) = D NSV VIV Z) = Np(V7, Z),

Jj=1 Jj=1

N

p(V.W,

which implies that $(V, W, Z) is an weighted average of o(VI.Z) (j = 1,2,...,k).
Hence there is at least one j for which ¢(V?, Z) > ¢(V,W,Z) and A; > 0 hold. Hence

max_ o(V,Z) > max o(V, W, Z) follows. y
VeF (V.W)ecC”

2.3 Convex relaxation in a lifting space

The transformed inner maximization of the linear objective function ¢(V, W Z) over the
convex feasible region C* in (i) of Lemma 2.1 is still difficult to solve in general, because
C* may not have any numerically tractable representation. To solve the min-max problem



stated in (ii) of Lemma 2.1 approximately, we consider a class of convex super sets C of C*
satisfying a certain additional property. By construction, C* is a convex subset of

m m If VT m
L = {(V,W)ER xS :(V - )eSﬁj }

We see that (V,VVT) € L for every V. C R™*, so that L may be regarded as a lifting of
R™**. In the reminder of this section, we investigate the problem

~

= min max _ @(V,W,Z).
ZeR™ (V.W)eC

under the assumption that C* C CcL.

Now the function ¢(V, W, Z) is linear in (V, W) over the convex set C and convex
quadratic in Z over the linear space R™**. So we can expect the following min-max and
max-min equivalence under an additional assumption, which we will describe later.

min max _ @(V,W, Z)
ZeR™ (V.W)e(l
= max _ min , oV, W . Z) (3)
(V,W)eC ZeR™

Assuming that this identity holds, we will focus our attention to the right hand max-min
problem. For each fixed (V, W) € C, its inner minimization problem is written as

minimize @¢(V,W,Z) subject to Z € R™,

Since the objective function $(V, W, Z) is convex and quadratic in the variable matrix Z,
the global minimum value is attained when the gradient —2MV + 2M Z of o(V , W Z)
with respect to Z vanishes. Specifically we may choose a minimum solution Z = V. Then
the global minimum value coincides with Trace (M (W — V'V")). Therefore the max-min
problem in (3) has been reduced to

maximize ((V,W) subject to (V,W) € C, (4)

where

(V. W) = (V,W,V)
= Trace (M(W — VVT)) for every (V,W) € R™* x S™.

We also observe that

((V, W) > 0 forevery (V,W) €L, (5)
p(V.W.Z) = o(V,Z)+((V,W)
> (V, Z) for every (V,W,Z) € L x R™**, (6)

Here (5) follows from M € ST and W —VV' € ST



The objective function of the problem (4) to be maximized is concave quadratic function
and the feasible region Cis convex, so we can solve this problem as long as the convex feasible
region C is numerically tractable . In the next subsection, we will show how we solve this
problem when Cis represented in terms of linear inequalities over symmetric cones including
normal linear inequalities, linear matrix inequalities and second order cone inequalities.

The lemma below plays an essential role to prove our main theorem, Theorem 2.3.

Lemma 2.2. Assume that the mazimization problem (4) has a mazimum solution (Z, W)
with the objective value ¥ = ((Z,W). Then v > o(V, W Z) for every (V,W) € C.

Proof: Choose an arbitrary (V, W) € C. Define

V() = (1-NV +2AZ,

- N fi A e 0,1].
W) = (1—)\)W+)\W} or every A € [0, 1]

Since C is convex, we know the entire line segment {(V/(\), W (X)) : A € [0, 1]} lies in the
feasible region C of the problem (4). We will investigate the change of the objective value
C(V(X),W(N)) along this line segment. We first see that

C(V(N),W((N)) attains the maximum 4 > 0 at A = 1 over [0, 1]. (7)

For every A € [0, 1], we can easily verify that

Hence

VA, W(A)
= Trace M (W(\) = V(N)V(N)T)
= Trace M <—)\2(V - Z)(V-2)"
A((V=2) V-2 +W-22)-(W-VV))+W-VV")
= ML= NV, 2)+ A ((Z, W) = (V. W) + (V. W),
By (7), we consequently obtain that

) < V)W

We are now ready to state the main theoretical results.
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Theorem 2.3. Assume that the problem (4) has a maximum solution (2, ﬁ\/) with the
objective value ¥ = ((Z,W).

(1) 4= min max _ p(V.W,Z) = max min @V, W,Z).
ZeR™ (V. W)eC (V.W)eC ZeR™!

(ii) Ve E(Z,3) if (V,W)eC.

Proof: (i) Recall that we have reduced the max-min problem in (3) to the maximization
problem (4). Hence

F=CZ,W)=¢p(Z,W,Z)= max _  min $(V,W, Z).
(V,W)eC ZeR™
In general, we also know that
min max _p(V,W, Z)
ZeR™ (V.W)eC
> max _  min  G(V,W,Z).
(V,W)eC ZeR™
On the other hand, we see by Lemma 2.2 that
4> max _ ¢(V,W,Z)> min max _ H(V,W,Z).
(V,W)eC ZeR™ (V.W)e(l

Therefore (i) holds. (i) Assume that (V, W) € C. By Lemma 2.2 and (6), we see that
4> @(V,W,Z) > ¢(V,Z). This implies V € E(Z,7).

2.4 On computation of enclosing ellipsoidal sets

Since M is positive semidefinite, we factorize M such that M = BB for some B € R™**,
where k denotes the rank of M. Then the problem (4) is equivalent to

maximize Trace MW —t subject to (V,W) € 6, t> ||V€C(BTV)H2, (8)

where vec(BT V') denotes the k x m-dimensional column vector sequencing all the columns
of BTV, We can further transform the inequality constraint ¢ > Hvec(BTV) H2 to a second
order cone inequality 1+¢ > ((1 —t)*+ VGC(2BTV)TVGC(2BTV))1/2 or a linear matrix in-
Ty \T

canality ( VeC(;TV) VGC(BI v) > € Smek. When the feasible region C of the problem
(4) is represented in terms of linear matrix inequalities and/or second order cone inequali-
ties in (V, W) € R™ x S™, the transformed problem is an SDP (with second order cone
inequalities), which we can solve by the primal-dual interior-point method [3, 6, 33, 36]. It
should be noted that the second order cone inequality or the linear matrix inequality to be
added is sparse in the sense they does not involve the m x m symmetric matrix variable W.
Therefore, if the original description of C' in terms of linear matrix inequalities is sparse
(or structured sparse [17, 18, 20, 38]) and if we choose an M € S which shares the same
sparsity, we can expect to maintain the sparsity (or the structured sparsity) in the resulting
SDP to compute Z € R™ and 4. More detailed discussion on how we exploit sparsity will
be presented in the next section.



3 Exploiting sparsity in polynomial optimization prob-
lems

We consider a polynomial optimization problem (abbreviated by POP)
minimize fo(x) subject to x € Fy, (9)

where Fy = {xz € R": fy(x) >0 (k=1,2,...,p)}, and each fr(x) denotes a polynomial
function in & € R". In Section 3.2, we describe the sparse SDP relaxation proposed by
Waki et al. in the paper [38] as a sparse variant of Lasserre’s hierarchy SDP relaxation [24].
We present how we incorporate Theorem 2.3 in the sparse SDP relaxation to compute error
bounds in the POP (9) in Section 3.3, and some numerical results in Section 3.4.

3.1 Notation and symbols

Let Z denote the set of n-dimensional nonnegative integer vectors. For every & € R"

and o = (aq,00,...,a,) € Z7, we use the notation x® for the monomial 2§'x5? -

(079
n :

Specifically we assume that 20 = 1. Bach polynomial fi(x) can be represented as

frlx) = Z h’&:}:a for every & € R"
ac Fy

for some h¥, € R and some finite subset F of Z . The degree of fi(x) is defined by

deg(fr(x)) = max{iai:ae}"k, h'&#()}.

i=1

Let F be a finite subset of Z7}, (2% : e € F) a column vector of monomials % (a € F),
and (0 . a e F e F)=(a%: ac Fa®: ac F)T asymmetric matrix of
monomials &+ (a € F,B € F). The order of the element monomials in the column

vector (x% : a € F) is arbitrary but has to be fixed. For example, we may assume that
they are sequenced according to the graded reverse lexicographic order > pif 3 € F,

7), then 2P is placed above

grevlex
~ € F and =7 ~grevlex P (or equivalently x5 <grevlex T
7V in the column vector (z& : a € F). If F = (), we assume that (x® : a € F) is the
empty vector, and (wa+ﬁ o € F,B € F) the empty matrix. We also use the notation
(Yo : @ € F) for a column vector of real variables yo (@ € F), which is obtained from
(x® : a € F) by replacing each monomial £ with a real variable yq.. In addition, we use
<Wa[3 ca € F,B € F) a symmetric matrix of real variables Wag (e F,BeF) If we

replace each monomial 220 in the symmetric matrix (wO‘*B o€ F,B € F) with a real
variable y, 3 we obtain (yq, grac F,B € F), which is often called a moment matrix

[24].



Let No ={1,2,...,n}. For every nonnegative integer  and every nonempty C' C Ny,
we define

0 ifn=0,

Fm.C) = {aezi;mZaién, al:OifiéZC} if n=>1 (10)
ieC

3.2 A sparse variant of Lasserre’s hierarchy SDP relaxation for
polynomial optimization problems

To illustrate the construction of the sparse SDP relaxation [38], we use the following example
with a variable vector & = (x1, x5, 73)" € R®.

minimize  fo(x) = —x; + 179 + 223
. _ 5 filx)=1—22>0, (11)
subject to mGFO_{a:ER (@) =1—ad—al >0

For each k = 1,2,...,p, let [, = {i : a; > 0 and hf, #0 for some «a € F,} denote
the set indices i such that z; is involved in the polynomial fi(x). Define an n x n symmetric
symbolic matrix R’ by

if i = 7,

if distinct variables z; and x; are in a monomial of fy(x),
if1 € I, and j € I}, for some k=1,2,...,p,

otherwise.

0 _

O X X

We call R? the correlative sparsity pattern matriz. We then introduce the correlative sparsity
pattern graph G(Ny, Eo) with ¢ = {(i,j) € No x N 1 i < j, R = x}. Let G(No, &) be a
chordal extension of G(Ny, &) or equivalently a chordal graph with the node set Ny and an
edge set £y D &£. Here we say a graph is chordal if every cycle with more than three edges
has a chord. See [2] for basic properties of chordal graphs. Let I denote the set of maximal
cliques of G(Ny, &), where C C Ny is a maximal clique of G(N, &) if it is the node set
of a maximal complete subgraph of G(N,&y). By construction, each I, is covered by some
CeTl. Let [, CCr, €T (k=1,2,...,p). In the remainder of Section 3, we implicitly
assume that the sizes of all maximal cliques C' € T' are small compared to the dimension
n of the vector variable @ of the POP (9), although the discussions are valid without this
assumption.

In the case of example (11), we see that

L = {1}, L, ={2,3}, R"=

O X
b
* x O

Here « is assigned at the (1,2)th and (2, 1)th elements since z; and x5 are involved in the
monomial 21z, of the objective polynomial function fy(x), while x is assigned at the (2, 3)th
and (3,2)th elements since 2 €€ I, and 3 € I, (or x2 and x3 are involved in the polynomial
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Figure 1: The correlative sparsity pattern graph of example (11).

function fy(x)). Figure 1 shows the correlative sparsity pattern graph G(Ny,Ey) of the
POP (11). This graph is chordal since it has no cycle. Hence G(Ny, &) = G(No,Ep). The
set of maximal cliques are I' = {{1,2}, {2,3}}, and we can take Cy, Cy € T" such that
L={1}ycC,={1,2} €l and I, C Cy ={2,3} €T.

For each k =0,1,...,p, let w, = [deg(fr(x))/2] and wpax = max{wy : £ =0,1,...,p}.
We choose positive integer w > wmax, Which we call the relazation order. Define
gk - F(W—Wk,Ck) (k: 1727"'7p)7
G(C) = F(w,C)(CeT),

B 1 (x®:a e Gyt
Gk<w) - ( (wa = gk) ( a+/8 = gk,ﬁ c gk) ) fk(w)

for every x e R" (k=1,2,...,p).

Here F(n,C) with C € T" and n € Z, is defined by (10). Note that if w — wy = 0 then
Gr = 0 and Gi(x) = fr(x). Then we see that

fe(x) > 0iff Gi(x) = O (k=1,2,...,p),

! (2 : € G(C)"
( (®:aeg(C) (@*P:aeg(C),Beg(0) > =9

for every x € R" (C €1).
Hence the POP (9) under consideration is equivalent to the following polynomial SDP.

minimize  fo(x)
subject to Gg(x) = O (k=1,2,...,p),
1

( (x®:a e G(C ) (12)

(% :acG(C) (x¥B:acgO) Beg

Let H1 = | J G(C) = |J (6(C) +6(C)), and H = Hy UHy, where G(C) +G(C) =
Cel’ cer

{a+B:acG(C), BeG(C)}. Then all monomials involved in the polynomial function
fo(z) and mappings Gy(x) (k = 1,2,...,p) are contained in {0} U {x® : a € H}, so we
can represent them as

folx) = h% + Z hQ ™ for every x € R",
oacH
GF(x) = I-I’f) + Z Hix® for every x € R" (k=1,2,...,p).
oacH

10



for some hQ, € R and symmetric matrices HY, (o € {0}U™H, k =1,2,...,p). Note that
some of hQ, € R and symmetric matrices HY, (o € {0} UH, k = 1,2,...,p) can vanish.
Thus we can rewrite the polynomial SDP (12) as

minimize h% + Z hd,x™
acH
subject to H]f) + Z H]&:Ba =0 (k=1,2,...,p),
acH (13)
< 1 (x®:a e G(O)T )
g 0)
(% :acG(0) (B :acg(C),pecd(C)
(Ccel).

To derive an SDP relaxation of the POP (9), we apply a linearization to the polynomial
SDP (13) by replacing each monomial £ by a single variable yq.

minimize h% + Z o
acH
subject to H]E) + Z Hiya =0 (k=1,2,...,p),
acH (14)
( 1 (Yo 0 € G(C))" ) .0
o : € G(C)) (yo,g: @€ G(C),B€6(C)) ) =
(Cel).

Vs

We illustrate the discussion above using example (11). We see that

wo = [deg(fo(x))/2] =2, wr = [deg(fi(z))/2] =1,
wy = [deg(fa(x))/2] =1, wmax = 2.

Let’s take w = 2 > wyax. Then

g1 = f(w _Wl,Ol) = ]:(1’{172}) = ((17070)7 (07170))a
= F(w—wy,Cy) = F(1,{2,3}) = ((0,1,0), (0,0,1)),

G(Ch) = F(w, C1) = F(2,{1,2})
={(1,0,0), (0,1,0), (2,0,0), (1,1,0), (0,2,0)},
G(Ch) = Flw,Cy) = (2 {2,3})
={(0,1,0), (0,0,1), (0,2,0), (0,1,1), (0,0,2)},
1 T T
Gi(x) = ( R S ) (1—a7)
100 00 O
— o000 |2+ 400 0 |22
0 00 0 0 -1
1 T3
Gy(x) = ( Ty T3 Tams ) (1— a3 —x3)
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1 00 00 O
—loo0oo0 |2+ +[00 0 |2t
000 00 —1
1 3
( 1 (% a e G(C)T ) I R 1125
¥ :acG(C) (@B acg(C),Beg(C) : ’
T3 1,73 Ty
| 1
( 1 (% :a e G(C))T ) | 2 T3 ... Towl
(¥ :aeG(Cy) (@B :acg(C),Beg(C)) A :
T3 Toxl T3
Thus we have an SDP relaxation of the POP (11).
minimize  —Yi00 + Y110 + 2Y003 )
1 0 0 00 O
subject to 000 (|+---+10O0 O Yoo = O,
0 00 00 —1
1 0 0 00 O
000 |+--4+[00 0 |you=O,
0 0 0 0 0 -1
1 w0 - Yo (15)
Y100 Y200 --- Y120 - 0.
Yo20 Y120 --- Yodo
1 yoio --- Yooz
Z/o‘lo yqzo y912 - 0.
Yoo2 Yoi2 --- Yoo

/

The construction of the sparse SDP relaxation (14) depends not only on the POP (9)
but also on the relaxation order w. Let k* denote the optimal value of the sparse SDP
relaxation (14) with the relaxation order w, and x* the optimal value of the POP (9). Then
kY < kUTE < g* for every positive integer w > wpax. Lasserre [25] showed under a certain
condition which requires that the feasible region of the POP (9) is compact, k* converges
k* as w tends to co. In practice, the relaxation order w not greater than wy., + 2 is often
large enough for s to attain k* accurately. When the maximal cliques C' € T' of the
chordal extension G (N, Ey) derived from the correlative sparsity pattern graph G(Ny, &)
of the POP (9) are small, the sparse SDP relaxation is much more efficient than the original
Lasserre’s SDP relaxation. See the paper [38] for more details.

3.3 Computation of error bounds

In this subsection, we show how we effectively incorporate Theorem 2.3 in the sparse SDP
relaxation (14) to compute error bounds in the POP (9). Assume that an approximate
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global optimal solution & € Fy with the objective function value fo = fo(&) is available. In
practice, the SDP relaxation (14) may not provide such an approximate global optimal and
feasible solution of the POP (9). We can apply a local optimization method to improve the
quality of the SDP solution to compute a feasible and better quality approximate global
optimal solution @. This technique was implemented in SparsePOP [39]. Let

J = |J @) x6(0) c 1y x Hi.

Cel

(Recall that H; = U G(C)). To maintain the sparsity in (14), we restrict the positive

cer
semidefinite matrix M, which we will choose to define the function ¢ in the description

of an ellipsoidal set and also to define the function ¢ in the maximization problem (4), to
the class of sparse matrices M = {(Maﬁ € Hy, BE H1> : Ma,@ =0if (o, 3) & j} .

Note that we can take any diagonal matrix with nonnegative entries for M € M. In the
case of example (11), we see that

Hi = G(CHUG(Cy) ={(i,j, k) €Z} : 1<i+j+k<2 (i,5,k)#(1,0,1) },
and that the sparsity pattern of matrices in M is described as

100 010 001 200 110 020 011 002

100 = * 0 * * * 0 0
010 x * * * * * * *
001 O * * 0 0 * * *
200  * 0 x * x 0 0 ; (16)
110 = * 0 * * * 0 0
020 x * * * * * * *
011 0 * * 0 0 * * *
002 0 * * 0 0 * * *
where x denotes any real number.
Choose a positive semidefinite M € M, and consider the problem
maximize Z Maﬁyourﬁ — Z Z Maﬁyayﬁ )
(auB)Ej acH, ,BEHl
subject to h%—l— Z & ye < fo, H6+ Z Hiya =0 (k=1,2,...,p),
acH acH (17)
1 (vex - o € G(C)T o
(Yo : @ € G(CO)) (yOHﬂ:aGQ(C),BEQ(C’)) =
(Cel).

/

Theorem 3.1. Let (§oy : @ € H) and 4 be an optimal solution and the optimal objective
value of the problem (17). Then the inequality

((ﬂﬁa o E Hl) — (:l)a o€ Hl))TM ((l’a o E Hl) — (Qa o€ Hl)) S "A)/ (18)

holds for every feasible solution x of the POP (9) with the objective function value fo(x) <
fo- (A proof of the theorem will be given in Section 3.5.)
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Now we do some discussion on how we solve (17). First we show that M allows a
sparse Cholesky factorization M = PBPT(PBP")" with some permutation matrix P
such that B is a lower triangular matrix and PBP” € M. To see this, we consider the
graph G(N1,&1) with the the node set N’y = H; and the edge set £, = {(a,3) € J :
B " grevlex a}, which represents the sparsity pattern of matrices in the class M.

Lemma 3.2. G(N1,&1) is a chordal graph and and its mazimal cliques are G(C') (C € T).

Proof: We use the fact that a graph is chordal if and only if its maximal cliques satisfies

the running intersection property (see, for example, [2]). Since the graph G(N,&p) is
chordal, the family I' of its maximal cliques satisfies the running intersection property:
we can index the maximal cliques in I' such that

Vr=1,2,...,¢q—1,3s(r) >r+1; C,N(Crq1 UC,y1 U---UCy) C Cy. (19)

Here ¢ denotes the number of cliques in I'. By construction, we can verify that the
maximal cliques of G(N1,&;1) are G(C) (C € T'). We will show the following running
intersection property

Q(OT) N (g<cr+1) U g(0r+1> U---u Q(Cq)) - g(os(r)) (T =1,2,...,¢- 1) (20)
holds for this family. To show this relation, assume that
& € G(C) N (G(Crin) UG(Crin) U+~ UG(C,).

Let J = {j : a; > 0}. Then it follows from the relation above and the construction of
G(C,) (r=1,2,...,q) that

JCCrand (JCCryyor JCCryg or ... or JCChyo).

Hence we obtain that J C C, N (Cry1 UC, 1 U---UC,), and J C Cyy by (19). This
implies that v € G(Cy(y)). Thus we have shown that the inclusion relation in (20) except
that it is proper. It follows from (19) that there is a j € Cy() such that

jQCrm(CrJrlUCrJrlU"'UCq).
Let o = (a1, 9, ..., ) such that a; =1 and a; = 0 (i # j). Then we see that
adG(C)N(G(Cr41)UG(Cry)U---UG(Cy)) and a € G(Cypy).

Therefore we have shown that the proper inclusion relation in (20).

It is known that a graph is chordal if and only if it has a perfect elimination ordering
of its node set [10]. Hence, if P is a matrix that performs a perfect elimination ordering of
the node set Ny, we have a Cholesky factorization PT M P = BB such that B is a lower
triangular matrix and PBPT € M.

14



Let B = PB. Then M = BB . By applying the same technique as the one that we
used to derive the SDP problem (8) with an SOCP constraint from the problem (4), we
rewrite the problem (17) as

maximize Z Ma,Byourﬁ —1 )

.Bed
subject to ¢ > ||§T(ya co€ Hy)|?, hg + Z Wava < fo.

acH
H6+ZH]&yai0(k:1,2,...,p), (21)
acH
( 1 (Yo € G(C))T ) -0
o : € G(0)) (yo,8: @€ G(C),B€6(C) ) =
(Cel). )

This problem forms an SDP with an SOCP constraint, but it is different from the nor-
mal SDP to which we can apply the primal-dual interior-point method [3, 6, 33, 36]. In
particular, the positive semidefinite constraints imposed on the variable matrices

1 (yo : @ € G(O))T
( (Yo 1 ¢ € G(C)) (Yo, €G(C).BEG(C)) ) (Cel) (22)

are not independent because some yq may be shared by different variable matrices. Basi-
cally there are two types of standard form SDPs which existing SDP solvers [3, 6, 33, 36]
accept as their input. The one is the equality standard form and the other is the linear
matrix inequality standard form. See [17] for more details on conversion of the SDP (21) to
those forms, and [7] for software for the conversion.

Now we apply the discussion above to the POP (11). Table 1 summarizes numerical
results. Suppose that & € Fp is an approximate optimal solution of the POP (11). Let
fo = fo(&). Recall that we have derived an SDP (15) as its sparse SDP relaxation [38]
with the relaxation order w = 2, and that the sparsity pattern of matrices in the class M
is described as in (16). Choose a diagonal matrix (Maﬁ o € Hy,B € Hy) € M with
MlOO,lOO = MOIO,OlO = MOOI,OOI =1 and Ma/g = 0 elsewhere. Then the problem (].7) turns
out to be

maximize Y200 + Yooz + Yooz — Y100 — Yo10 — Yoo1 (23)
subject to  —y100 + Y110 + 2Y003 < fo, the constraints of (15).

Let (Jo : @ € J) be an optimal solution of (23) with the objective value 4, and let
z = (21,%,23)7 and 21 = 100, 22 = Yo10, 23 = Yoo1- Then we have a sphere E(2,7) =
{x e R : ||z — 2| <V3), which contains all feasible solutions of the POP (11) with their

objective values not grater than fo.

If we are interested in an error bound only for a particular variable, say x3, we choose a
diagonal matrix (Maﬁ ro € Hy, B € Hy) € M with Mypy 001 = 1 and Maﬁ = 0 elsewhere.

In this case, the problem (17) turns out to be

maximize Yoo — ?Jg(n }

~ 24
subject to  —y100 + Y110 + 2Y003 < fo, the constraints of (15). (24)
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Then we obtain Z3 = fjoo1 and 4 such that 23— /3 < x5 < Z34+/7 for every feasible solution
@ of the POP (11) with its objective value not grater than fy. Here (o : @ € J) denotes
an optimal solution of (24) with the objective value 4 and Z3 = ggo;-

Choice of a diagonal matrix fo z VA
(23) -3.083932 | (1.00000,-0.169103,-0.985598) 7.3e-5
(24) -3.083932 | (1.00000,-0.169104,-0.985598)  5.2e-5

Table 1: Numerical results on problems (23) and (24).

3.4 Numerical results

Table 2 shows numerical results on the computation of error bounds described in the previous
subsection. The first three test problems are unconstrained POPs. They are minimizations
of the Broyden banded function [26], the Broyden tridigonal function [26] and the generalized
Rosenbrock function [28], respectively. The rest of the test problems are constrained POPs
from [11]. We modified and/or added lower and upper bounds of variables in the constrained
POPs so that their SDP relaxation worked effectively. The numerical experiment was done
on 2x2.8GHz Quad-Core Intel Xeon with 4GB memory. In each test POP, we first computed
a lower bound fo for its optimal value and a rough approximate solution @ by applying
SparsePOP [39] with SeDuMi [33] to the POP. Then we refined the solution & which is
not necessarily a feasible solution of the POP to get a more accurate and feasible solution
& of the POP with the objective value fy = fo(&) by applying the MATLAB function
fminunc.m (in unconstrained cases) or fmincon.m (in constrained cases) of the MATLAB
Optimization Toolbox. Then we chose a diagonal M € M which induced an enclosing
sphere E(2,9) = {x € R" : ||z — 2||* < 4} of the set of feasible solutions with objective
values not greater than f, as shown for the POP (11). See the problem (23). In Table 2,
n denotes the number of variables of each test problem, w the relaxation order used for
the SDP relaxation, RelObjErr = |fy — fo|/max{1, |fo|}, and E.time the elapsed time for
computing 2 and 4 by SeDuMi. In each case, we observe that the sphere E(2,7) = {x €
R" : |z — 2|| < v/4} generated contains the refined global approximate solution &.

The generalized Rosenbrock function has two distinct global minimum solutions; the one
is " = (1,1,1,...,1) and the other is = = (=1,1,1,...,1). To contain both solutions,
the sphere with the center 2 =~ (0,1,1,...,1) and /4 = 1.0 was generated. When we added
the inequality constraint x; > 0 to exclude the one solution ™, a much smaller sphere with
radius /4 ~ 2.6e-2 enclosing the other solution 1 was generated.

SparsePOP [39] implemented both of the dense SDP relaxation [24] and the sparse SDP
relaxation [38] for POPs. The sparse SDP relaxation was not effective for some of the
constrained POPs from [11], so that we applied the dense SDP relaxation to such POPs.

The POPs ex9_1_1, ex9.1.2, ..., ex9_2_6 involve complementarity conditions such that
x; >0, x; >0, z;2; = 0 for some variables x; and ;. In cases of ex9_1.2, ex9_1.4, ex9_1.5,
ex9_1_8 and ex9_2_1, the POP has multiple global optimal solutions, so the radius /¥ of
the sphere F(2,4) = {x € R" : ||z — 2||* < 4} containing them is larger than the other
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Error Bound (SeDuMi)
Problem n w | RelObjErr % % V4 Elapsed time
BroydenBand 10 3 3.4e-08 | 1.1e-05 | 3.1e-04  5.5e-04 129.3
BroydenTri 1000 2 1.1e-05 | 5.1e-04 | 3.1e-02  7.0e-01 57.7
Rosenbrock® 1000 2 7.4e-04 | 3.2e-02 | 3.2e-02 1.0e4+00 11.6
Rosenbrock® 1000 2 8.5e-05 | 1.9e-05| 8.4e-04  2.6e-02 10.2
ex2.1.3 13 2 2.6e-09 | 4.0e-09 | 9.9¢-05  6.0e-04 0.2
ex2 1.5 10 2 3.5e-10 | 1.5e-08 | 1.0e-04  2.7¢-04 0.9
ex2.1.8 24 2 4.9e-09 | 4.0e-07 | 5.7e-04  2.4e-02 10.9
exH_2_2_casel 9 2 1.1e-01 3.9¢-01 | 8.2e-01 2.1e+02 1.0
exh_22_casel™ 9 2 3.8¢-08 | 4.0e-05 | 6.4e-03 1.7e+00 1.1
exH_2_2_case2 9 2 3.0e-01 6.5e-01 | 9.5e-01 5.2e+02 0.8
exh_22_case2) 9 2 2.9e-07 | 8.4e-06 | 2.8e-03 2.2e+00 1.1
exh_2_2_case3 9 2 2.2e-02 2.5e-01 | 4.6e-01 1.3e+02 0.7
exh_2_2_case3 9 2 1.4e-09 | 6.7e-07 | 9.8e-04  3.2e-01 0.8
ex9_1_1 13 2 75e-09 | 1.1e-02 | 3.3e-02 5.3e-01 0.3
ex9 1 2@ 10 3 2.9e¢-05 | 7.5e-02 | 2.7e-01 2.2e+00 4.4
ex9.1.4® 10 2 2.1e-05 | 9.5e-01 | 9.5e-01 1.2e+02 0.4
ex9_1.53 13 3 7.1e-06 | 6.7e-01 | 1.0e+00 4.7e+00 1.1
ex9_1.8@ 12 2 4.0e-10 | 3.2e-03 | 3.8¢-01 3.5e+00 0.2
ex9.2.1@ 10 2 2.9e-01 | 8.6e-01 | 1.2e+00 1.9e+01 0.3
ex9 2 1@ 10 2 1.2e-09 | 8.3e-02 | 7.3e-01 1.2e+01 0.6
ex9_2.2 8 2 2.4e-05 | 9.7¢-05 | 3.6e-03  7.3e-02 0.5
ex92.3 16 2 6.9e-08 | 2.3e-08 | 1.6e-04  8.5¢-03 0.3
ex9 2.4 8 2 1.5e-07 | 8.3e-05 | 7.3e-02  3.3e-01 0.3
ex9.2.5 8 2 1.1e-08 | 5.1e-06 | 4.4e-04  4.9e-03 0.2
ex9_2_6 12 2 2.9e-07 | 4.0e-04 | 2.7¢-02  4.7e-02 0.3
alkyl 14 3 1.8¢-09 | 2.2¢-05| 1.8¢-04 2.2¢-03 1.7
st_bpafla 10 2 1.0e-09 | 3.4e-08 | 1.3e-04  2.8e-03 0.5
st_bpaflb 10 2 9.5e-10 | 6.9e-09 | 9.6e-05  2.0e-03 0.3
st.e07 10 2 2.9e-10 | 1.7e-08 | 8.1e-05  2.8e-02 0.3
st_jcbpaf2 10 2 1.2e-08 | 6.9e-08 | 2.7e-04  3.9e-02 1.0

Table 2: Polynomial optimization problems. (1) : the dense SDP relaxation was applied
because the sparse SDP relaxation was not effective. (2) : the POP has multiple global
optimal solutions. (3) : the constraint x; > 0 was added to compute a solution with z; > 0.
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cases. Among these POPs, we investigate global optimal solutions of ex9_1_2 in details. The
problem is of the form

minimize —x; — 329

subject to —x1 + 29+ 23 =3, 1 + 229 + 14 = 12,
dry —xo+ x5 =12, —29 + 26 = 0,
Ty + 228 — g — T19 = —1,
Trl3 = 0, Tyly = 0, Lol = 0, T10Te — O,
0<z;<5(j=1,2,...,10).

(25)

Vs

Table 3 shows error bounds to each coordinate of the approximate solution @ of ex9.1.2
which are obtained by taking an M € M for an enclosing ellipsoidal set (2", 4;) = {x €
R™ : |x; — 2¢| < /3;}. From this table, we see that x3 > 0, 25 > 0 and z¢ > 0 at every global

2 N R AT
1| 4+4.0000 | +3.9997 +0.0055
2 | +4.0000 | +4.0002 +0.0145
3 | +3.0000 | +2.9995 +0.0089
4 1 40.0000 | +0.0002 +40.0279
5 | +0.0000 | 4-0.0009 +0.0148
6 | +4.0000 | +4.0002 +0.0123
7 | —0.0000 | 4-0.0000 +0.0030
8 | 40.7170 | +1.0000 +1.0001
9 | +2.4340 | +3.0000 +2.0004

10 | +0.0000 | +0.0000 +0.0041

Table 3: Numerical results on ex9_1_2.

optimal solution x of the problem. Hence x5 = x7 = x19 = 0 at every optimal solution @
by the complementarity conditions. Eliminating these variables x5, x7 and x19, we obtain

minimize —x; — 31>

subject to —x1 + T + 13 = 3, X1 + 200 + 14 = 12,
41’1 — X9 = 12, —Zo + Tg = 0, (26)
21‘8 — X9 = —]_, Ty = 0.

0<z;<5(j=1,23,4,6,8,9),
which is equivalent to (25). The optimal solutions of the reduced problems are given by
=4, x9=4, 13=3, 14 =0, 26 =4, 0< 3= (29— 1)/2<2, 1 <xg <5.

In Table 4, we show error bounds to each coordinate of the approximate optimal solution
& of the reduced problem of (26). We observe that the coordinates xq, xo, x3, x4 and xg
of the approximate optimal solution & are accurate, and that the bounds |z; — ;| < VA
(1 =28,9) for all optimal solutions x of (26) are tight.
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+4.0000 | +4.0000 4-0.0002
+4.0000 | +4.0000 4-0.0002
+3.0000 | +3.0000 +-0.0006
+0.0000 | +0.0000 4-0.0006
+4.0000 | +4.0000 +0.0004
+0.9604 | +1.0000 +1.0000
9| 4+2.9208 | +3.0000 +-2.0000

CO O = W N |~

Table 4: Numerical results on ex9_1_2.

3.5 Proof of Theorem 3.1

In order to prove the theorem, we utilize some fundamental results about positive semidef-
inite matrix completion. Let H; = {0} UH;. We introduce a symmetric variable matrix of

the form Y = <Ya g€ H,, B e ﬂ1> . Then we can embed all matrix variables listed in
(22) involved in the problem (17) into Y with the additional constraints

YOO = 1, YQO =yo if @ € Hy, . } (27)
YO/B = yﬁ if 3 € Hy, Yaﬁzya+ﬁ if (a,ﬁ) e J.
Thus, instead of the problem (17), we consider the following problem
maximize Z Maﬂya+,3 — Z Z Maﬁyayﬁ )
(o,BeJ ocH, BeH,
subject to hOO + Z O yo < fo,
oacH (28)
Hy+ Y H{ya =0 (k=1,2,....p),
ocH
Y > O with the condition (27).

Lemma 3.3. The problem (17) is equivalent to the problem (28). More precisely, (yor :
a € 'H) is a feasible solution of the problem (17) if and only if ((yo : @@ € H), (Yaﬁ o€

Hi,B € Hy)) is a feasible solution of the problem (28) for some (Yaﬂ ca € Hy, B €HY)).

Proof:  1f'Y is positive semidefinite then so is every principal submatrix. This implies
that if ((yo : @ € 'H), (Yaﬁ ca € Hy,B € Hy)) is a feasible solution of the problem

(28), then (ya : @ € 'H) is a feasible solution of the problem (17). To prove the converse,
assume that (yo : @ € H) is a feasible solution of the problem (17). Fix the elements

Yoo, Yao (a S Hl), YO,@ (ﬁ € H1), Ya/ﬂ ((a,ﬁ) € j)

by the condition (27). Then all constraints of the problem (28) except Y > O are satisfied.
Hence it is sufficient to prove
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(a) we can specify the unfixed elements in Y so that Y becomes positive semidefinite.

(This is exactly a positive semidefinite matrix completion problem). To prove this asser-
tion, we consider a graph G(Ny, 2) with Ny = H; = {0} UH; and

Ey = {(0,8) e Ny xNy:BeHy}
U{(.B) € N2 x N3 (. B) € T, @ Zgreviex B}
We will show that

(b) G(Ns,&,) forms a chordal graph with the maximal cliques {0} UG(C) (C € T).

Note that each clique {0} U G(C) is corresponding to the index set of a matrix variable
in (22) or a principal submatrix of Y whose values are fixed by (27). Therefore, (a)
follows from the fundamental result about positive semidefinite matrix completion (Gron,
Johnson, S& and Wolkowicz [9, Theorem 7]). The assertion (b) follows from the fact that
the graph G(Ns, E,) is obtained by adding a node {0} and edges (0, @) (ax € H1) to the
chordal graph G(N1,&1). In fact, the running intersection property

({0} UG(C) N ({0} UG(Cr10)) U ({0} UG(Crin)) U+ U ({03 UG(C,)))
-,C«- ({0} U g(CS(r))) (’I" =1,2,...,¢—- 1)

on the maximal cliques {0} U G(C) (C € T') of G(N3,&,) follows from the running
intersection property (20) on the the maximal cliques G(C) (C' € T') of G(N1,E1). 1y

We represent the symmetric matrix variable Y as

B 1 (y/BZBEHl)T
Y_((yﬁiﬁEHl) (Walgiaefl‘(l,ﬁEHl)). (29)

Then the condition (27) turns out to be
WaB = Ya.8 i (o, 8) € J. (30)
We also observe that the objective function of (28) is identical to
Trace M <(Wa5 o€ Hy,BEH)— (yﬁ B e Hl)(yﬁ B e Hl)T>
under the condition (30). Therefore we obtain the problem
maximize Trace M <(Wa,6 o€ Hy,B € Hy)

~(yg:B € Hi)yg: BEM))
subject to h% + Z hQya < fo,

acH
Hy+ Y Hhya =0 (k=1.2...p), (31)
acH ,
1 (yg: B € Hi) > L0
(yﬂ:ﬁEHl) (WaﬂIGEHl,,BGHl)
the condition (30), J
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which is equivalent to the problem (28).

Now we are ready to prove Theorem 3.1. Let (Jo : @ € H) and 4 be an optimal
solution and the optimal objective value of the problem (17). Then there is a (W, grae

H1, 3 € Hy) such that ((j&a o€ H), (Waﬁ o€ Hy,B € H1)> is an optimal solution of
the problem (31) with the same objective value 4. By (ii) of Theorem 2.3, we see that

(Yo : v € Hy) — (ja v € H1))" M ((yoy : « € Hy) — (o - @ € Hy)) < 4

holds for every feasible solution ((ya ca€H), <Wa6 ca€Hy, B e H1)> of the problem

(31). If & € R" is a feasible solution of the POP (9) with the objective value fo(x) < fo,
then

(o : €M), (Wog:a e, Bem))
= ((a:a ca€H), <$a+ﬂ € Hy,B¢€ H1)> (32)

is a feasible solution of the problem (31). Therefore the inequality (18) follows from the
inequality above. This completes the proof of Theorem 3.1.

Remark 3.4. The objective function
Trace M <(Waﬁ ca€Hy,B€H)— (yﬁ B e Hl)(yﬂ 1B e Hl)T>

of the problem (31) is nonnegative over the feasible region. (Recall the inequality (5)).
It attains the minimum value 0 when (32) holds for some feasible solution @ of the POP
(9). Therefore the problem (31) (hence the problem (17)) may be regarded as a problem of
finding a point with the worst feasibility. On the other hand, if M is positive definite and
4 = 0, then (Wa,B o€ Hy,BEH) = @ﬁ 1B € Hl)(yﬁ : B € Hy)T, which implies that
the variable matrix Y given in (29) is rank 1 at the solution of the problem (31). It also
follows from 4 = 0 that the feasible region whose objective value is less than fg consists of
a unique global optimal solution x given by (z® : a € H) = (jo : @ € H).

4 Quadratic optimization problems

A quadratic optimization problem (abbreviated by QOP) may be regarded as a special
case of the polynomial optimization problem (9) where all polynomials are quadratic or
wr = [deg(fr(x))/2] <1 (k = 0,1,2,...,p). We can apply Lasserre’s hierarchy SDP
relaxation [24] and its sparse variant [38] to QOPs, and all the results on exploiting sparsity
presented in Section 3 remain valid with the relaxation order w > wpn. = 1. If we take
w = 1, Lasserre’s SDP relaxation is essentially equivalent to a classical and standard SDP
relaxation originally proposed by Shor [32] for QOPs. See also [5, 30, etc.]. In this case,
there is another way of exploiting sparsity, which we present in this section. If the QOP
satisfies a structured sparsity characterized by a chordal graph, the resulting SDP inherits
the sparsity. We can utilize some techniques [8, 17, 27] developed for exploiting sparsity
in SDPs, so we don’t need to take care of sparsity of the QOP when we construct its SDP
relaxation.
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4.1 An SDP relaxation of a general quadratic optimization prob-
lem

Let fr (k=0,1,...,p) be a quadratic function in X € R™** of the form

T T
(X)) = Trace( i: gz ) ( ;{ XXXT ) (33)

where G, € SY, Ay € R™ and Q, € S™. Let f : R™ — RP be a vector function such
that f(X) = (fi(X), fo(X), ..., [,(X))T for every X € R™* and J be a symmetric cone
in R?. We consider a QOP

minimize  fo(X) subject to X € Fy. (34)

Here Fy = {X € R™¢: f(X) e J} . This QOP is quite general. If we take ¢ = 1 (hence
X € R™) and the nonnegative orthant R”" of the m-dimensional vector space for .J, the
problem (34) stands for a usual QOP in a variable vector X € R™. The problem (34)
covers bilinear or quadratic SDPs, if we take the cone S of positive semidefinite matrices
for J. In this case, we identify the space S" of r x r symmetric matrices with an r(r +1)/2
dimensional subspace of the p = r x r dimensional column vector space. Also the sensor
network localization problem which we will present in the next subsection is regarded as a
special case of the QOP (34). We describe a (dense) SDP relaxation which unifies many
existing SDP relaxations [1, 5, 30, 32] for those problems.

Define the lifting set L, fy : L — R (k=0,1,...,p) and f : L — R? by

vV W

A _ G, Al I, vt
(V. W) = Trace(Ak Qk)(v W

for every (V, W) € R™ x S™,
-f(V7 W) = (fl(V’ W)7 f2(V7 W)7 ceey fp(va W))T
for every (V, W) € R™* x S™.

T
L = {(V,W)eRm“xSm:<Iz v >eS‘fjm},

Then the problem below serves as an SDP relaxation of the QOP (34).

minimize  fo(V, W) subject to (V, W) € Fp, (35)

where Iy = {(V,W) eL: f(V.W)e J}. In fact, we note that f,(X,XX7T) = f(X)

(k=0,1,...,p) and f(X,XXT) = f(X) for every X € R™* Hence, if X € R™ is a
feasible solution of the QOP (34), then (V, W) = (X, XX T} is a feasible solution of the
the SDP (35) with the same objective value fo(V, W) = fo(X).

_ Assume that an approximate global optimal solution X ¢ Iy with the objective value
fo = fo(X) is available or that an upper bound f; for the optimal value of (34) is known.
Let FF = {X € Fy: fo(X) < fo}. In both cases, the semialgebraic set F' contains all
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optimal solutions. To compute an ellipsoidal set containing F', we utilize the framework of
the SDP relaxation described above. Let M € S, and define

C = {(V,W) € Fy: fo(V, W) < fo}-

We know that (X, XX”) e C if X € F. Now we can apply (ii) of Theorem 2.3 to C. Let
(Z,W) be a maximum solution of the problem (4) with the objective value 4 = ((Z, W).
Then V € E(Z,7) for every (V,W) € C; hence F C E(Z,%).

T
The QOP (34) and its SDP relaxation problem (35) share coefficient matrices < ik gk )
k k

(k=0,1,2,...,p). If these matrices are sparse in (34), then the sparsity is inherited to the
domain space sparsity , introduced in the paper [17], of (35), and we can reduce the size of
(35) effectively by apply the d-space conversion methods proposed there. In such a case, if
we take an M € S which does not destroy the domain sparsity, we can efficiently solve
the problem (4). To describe a class M of such matrices, we consider a graph G(N, )
with the node set N = {1,2,...,m} and the edge set

E=A{(i,7) 11 <j, [Qrlij # 0 for some k € {0,1,2,...,p}},

which represents the aggregated sparsity pattern of the matrices Q, (k=0,1,...,p). Let
G(N, E) be a chordal extension of G(N, ), and we define

E={(i,))eNXN:i=j (i,j) €& or (j.i) €&}

Then we can describe M, as M, = {M eSSy My =0 if (4,7) & E} . We note that any
diagonal matrix with nonnegative entries belongs to M.

4.2 The sensor network localization problem with exact distance

We consider a sensor network localization problem with n sensors and n, = 7 — n anchors.
Let p > 0 be a radio range, which determines the set N2 for pairs of sensors p and ¢ such
that their (Euclidean) distance d,, is not greater than p, and the set N* for pairs of a sensor
p and an anchor r such that their distance d,, does not exceed p;

N = H{p,q) 1 <p<qg<n, |z, — x| < p},
N = A{(p,r):1<p<n, n+1<r<n,lz,—al| <p}

where , € R denotes unknown location of sensor p and a, € R® known location of anchor
r. Cases where £ = 2 or £ = 3 are of practical interest. Let A/, be a subset of N and N,
a subset of A2, Then the unknown locations of sensors are characterized by the system of
equations:

dpg = 1Ty — 2" (p,q) € No, dp = |z —ac|* (p,7) € N

For given a, (n+ 1 < r < n), dyy ((p,q) € Ny), dp ((p,7) € N,), we want to find the
unknown sensors’ locations @, (1 < p < n) of this system.
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To apply the Biswas-Ye SDP relaxation [1] to the above system of equations, we introduce

an m X ¢ matrix variable X = (zy,..., )7, and rewrite it as
X, X —X,a,—a'X, +ala, —d, 0 (p,7) €N,

where X, denotes the pth row of the matrix X or :cg. Let Fyy € R™** denote the solution
set of (36). The functions involved in the left side of the system of equations are quadratic
in X € R™“ and can be written in the form of (33). Thus, if we set fo(X) = 0 for every
X € R™* we can reduce the sensor network localization problem to a special case of the
QOP (34) with J consisting of the zero vector in the #N, + #N, dimensional space, and
the Biswas-Ye SDP relaxation [1] of Fjy coincides with Fy of the form

( Wop + Wy — 2W,, — d? = 0 (pg €Ny )

Pq

)4
2 o 2 _
(V, W) e R™* 5 §™ - ||CLTH 2;‘/131017"1 + pr de 0 (p, 7“) S Na, (37)
I, v'
<
\ 0= ( \ 72 %4 )

Since the objective function is identically zero, we can sef fg = 0. Hence we take F' = Fj
and C' = F().

/

It was shown in the paper [1] that if the system (36) of equations is uniquely localizable
then the SDP relaxation ﬁo — C of its solutions set Fy = F consists of a unique (V, W) €
R™** x S", which satisfies W = VV?, and X = V is a unique solution of (36). See
Theorem 2 of [1]. We are interested in cases where (36) is not uniquely localizable. In such

~

a case, the ellipsoidal set E(Z,4) presented in the previous subsection provides an error
bound for the SDP solution, where (Z, W) denotes a maximum solution of the problem

(4) and 4 = ((Z, ‘/}[7) the maximum objective value. If we take M € ST to be the identity
matrix, then we know that the unknown locations x1, xs, ..., x,, satisfies that

m 1/2 1/2
1 =T 9 1.
(E;nzp.—mpw <(a9) -

Here the left hand side is often called the root mean square distance (rmsd). In general, the
rmsd is available only when the true locations of sensors are known. Our method computes
an upper bound for the rmsd.

Table 5 shows numerical results on a 2-dimensional sensor network localization problem
with 1000 sensors and 100 anchors randomly distributed in the unit square region [0, 1] x
[0, 1], and Table 6 numerical results on a 3-dimensional sensor network localization problem
with 500 sensors and 50 anchors randomly distributed in the unit cube region [0, 1]*. For
the numerical experiment, we construct SDP relaxation problems by SFSDP [16], which
implemented a sparse variant [15] of the Biswas-Ye SDP relaxation for the sensor network
localization problem, and employed SDPA [6] to solve the resulting SDP. We used 2x2.8GHz
Quad-Core Intel Xeon with 4GB memory for numerical experiments. The column Elapsed
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p | Elapsed time Rmsd (5/m)"?
0.05 5.0 2.50e-2  3.36e-2
0.06 11.2 7.30e-3  1.09e-2
0.07 5.8 2.14e-4  1.96e-3
0.08 4.7 1.56e-4  1.25e-3
0.09 2.2 3.93e-7  H.1le-4

Table 5: A 2-dimensional sensor network localization problem with randomly distributed
1000 sensors and 100 anchors in [0, 1] x [0, 1].

p | Elapsed time Rmsd (5/m)"?
0.18 71.3 2.34e-2  3.12e-2
0.20 41.5 8.85e-3  1.38e-2
0.22 32.3 3.88e-3  5.27e-3
0.24 20.5 5.16e-6  7.08e-4

Table 6: A 3-dimensional sensor network localization problem with randomly distributed
500 sensors and 50 randomly generated anchors in [0, 1]3.

time denotes the elapsed time for solving SDPs by SDPA. We observe in both tables that
as we take a larger radio range, both rmsd and its upper bound (¥/ m)l/ * get smaller.

Let p be fixed. If we take the m x m matrix M with the (p, p)th element M,, =1 and
0 elsewhere, then ((V, W) =W, — Vp_Vg. In this case, we know that

. )
I(Z,)" = @,ll < ()2

Here (Z, ﬁ\/p) denotes a maximum solution of the problem (4) with the objective function
((V, W) =W,,—V, V] and 5, = (z", ﬁ\/p) the maximum objective value. It was shown
in the paper [1] that if (V, W) lies in the relative interior of the solution set of (37) and
((V,W) =W, — V, V] =0 then V attains the unknown location @, exactly. The
inequality above strengthens this result.

Figures 2 shows numerical results on a 2-dimensional sensor network localization problem
with 500 sensors distributed randomly in the unit square region [0, 1] x [0, 1] and 4 anchors
placed at the corner of the region. We took the radio range p = 0.09. The upper left figure
shows the graph induced from the underlying sensor network. Some nodes have only two
adjacent nodes, so that their locations are not determined uniquely through the system of
equations (36). The upper right figure shows solutions of the SDP relaxation (37) which we
computed by applying SFSDP with SDPA.We observe some deviations between true and
computed locations of sensors. For each sensor p, we applied the ellipsoidal enclosing method
with taking the m x m matrix M with the (p, p)th element M,, = 1 and 0 elsewhere. The
figure below shows that the deviation ||z, — (2§)T|| between true and computed locations
is bounded by (%)%. We note that the problem (4) with setting the objective function
(VW) =W, — VP-VZ; was solved (in about 5 seconds by SDPA) repeatedly for all
p=1,2....500.

25



1 - 1 T = : : : S S
, P : , N A S L A
5 Tertkapl Ny 085 o o o X
09 F e S R 09F "y %; ok (w%ﬁﬁ;&*aﬁ R
g G ﬁ B [V §
E e o% feca Ser o &
% & g o c G Ox o3 e o o G0
o8l 5 4 08F 3G Gk C Gy Ok G& S|
| : o CTEBES e @R R g
07h ] E o7k o T o A I Sox oy ¥ 3&@*
. ST o * o8B T oG chcatx e
A 4 N - 1 b Gy KO
06 € - i R 06 —igj_*f_* ox & oxon oy o o o 8% & |
W‘Tﬁ @ o% £ Soprr Gk Ok, G
05 \ 7 05 fo X L FEx oy o * o x ¥ +
. LT o : o o & an & *@
4 o o o & o
04 > B oaf TESH o o o & & s % %g
a’géﬁ@ﬁ*ﬂ x O > G a* 2 *
ERE * e &, P @
0sf ¢ X 03t Tk % % % sl
; X . M@*%é** " o 9’@6@ * e g ® »
02t / i 02 s @‘ek”l‘; s *% & @%? PO Q@*),
; ot oF L& O o & e o & e R
\ - \ * EY %
01 N "N 3 0o ﬁgg ® Y b5 o B2 F 2 P ot )
a : % ¢ B B b P % % o o
ot \ i \ ) \ U’ﬁ@ L e \ Rl S
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
o:anchor o :sensor : edge with a given distance O : sensor's true location * :sensor's computed location
4P T
lix, - (Z )l
P ( P-)
0.25
0.2 4
0.15 |- B
o
* .
01r o A
.
. ...
.
0.05 | e 4
.
AN/2
0 ‘ (7)
0 0.05 0.1 0.15 0.2 0.25 p
A
Xp ! the pth sensor's true location (Zs )T: the pth sensor's computed location

Figure 2: A 2-dimensional sensor network localization problem with randomly distributed
500 sensors in [0, 1] x [0, 1], 4 anchors at the corner and p = 0.09.
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5 Concluding discussion

We have proposed a numerical method based on lifting and SDP relaxation for computing
an enclosing ellipsoidal set E(2,9) = {x € R™ : (x — 2)TM(x — 2) < 4} of a given
semialgebraic subset F' of R™. Here M denotes an m X m positive semidefinite matrix
freely chosen in advance. The quality of Lasserre’s hierarchy SDP relaxation [24] and its
sparse variant [38] depend on the description of F' in terms of polynomial inequalities. We
can often improve the quality by tightening lower and upper bounds for variables and/or
adding polynomial valid inequalities [38, Section 5.5].We note that an enclosing ellipsoidal
set E(Z,4) of F induces a quadratic valid inequality (z —2)" M (z — %) < 4 for F. We did
numerical experiments on a successive ellipsoidal enclosing method which applied an SDP
relaxation to the semialgebraic set F' at each iteration after replacing the old quadratic valid
inequality induced from an enclosing ellipsoidal set by a new one. The method generated
a sequence of enclosing ellipsoidal sets {C? (p =1,2,... )} of F such that C? > CP*!. We
observed that the enclosing ellipsoid CP shrank for a few iterations in some instances but
it did not shrank at all in some other instances. More detailed analysis on such successive
ellipsoidal enclosing methods will be the subject of further researches.
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