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R™ : n-XJt Euclid ZfE, n-XitRN7 MLDZERE.
r = (T1,...,2n) € R" : RT NILEH.

ZIEARBE{LERE (POP): min fo(z) sub.to fij(z) >0 (7 = 1,...,m).

Bl. n=3
min  fo(z) = :1:? — 2:131:133 + :1:%:1:2:1:3 — 4:1:3
sub.to  fi(x) = —:c% + Sxoxg + 1 > 0,
fao(x) = :c% — 3xz1xows + 223 + 2 > 0,
fa(x) = —a:f—:cg—a:g—i—l > 0.
x1(x1 — 1) = 0 (0-1 BEHEH),
€Tro Z O, Irs Z 0, oy — 0 (@ﬁﬂf%ﬁ:)

o ZIEAHBLEE (POP) DR AlEEmL,
o R RBL+EAERBLSB TCOXBENRELOEETTI.



Y FREEENICHT 2 2@B07 7O0—F[1], [2]
POP: min fyp(x) sub.to fi(z) >0 (z=1,...,m),

POP = —i%{t Lagrange YOS (#&F0)
J LMI ZEARFHXDEM IS ] J
POP SDP O “#[E%I” J SOS &M “HEEF”
|y &t 3%t [}

SDP (&) & “ER5”

1]

[1] Lasserre, “Global optimization with polynomials and the problems
of moments”, STAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for semialgebraic
problems”, Math. Prog. (2003).

(a) POP O&/IMEDT5.

(b) ERMICIETHRIZIPOP DEDF/IMEICUVE.

(c) EAFBEISDPEULT#EITS. Z0U1M X, (BREZEKTIIEE)HEE
F” IS8 > TREICIEM.

& SDP ({&7) O “FER5" [2]

(d) RAELXREBBICERARARE = ZEXDOREDER




¥ EEEEENICHT 2 28807 7O0—F [1], [2]
POP: min fyp(x) sub.to fi(z) >0 (z=1,...,m),

POP = —i%{t Lagrange Y XIEIRE (F£F0)
J LMI ZIEARFADENM Xt J
POP SDP O “#[E%I” J SOS &M “HEEF”
| &AL 3%t J

SDP(#& ) b “FER5”

1]

[1] Lasserre, “Global optimization with polynomials and the problems
of moments”, STAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for semialgebraic
problems”, Math. Prog. (2003).

ZIEADRIEDER

3] Kojima, Kim and Waki Math. Prog. (2005).
4] Waki, S. Kim, Kojima and Muramatsu SIAM J. on Optim (2006).
5] Waki, Kim, Kojima and Muramatsu, SparsePOP (2005).

o SDP (¥&f0) @ “#ER5” [2]




¥ FREEHEENICK T 2 28807 70—F (1], [2]

POP: min fyp(x) sub.to fi(z) >0 (z=1,...,m),

POP = —i%{t Lagrange Y XIEIRE (F£F0)
J LMI ZIARFEAXDEM eS| Y
POP SDP @ “#fRE5” | SOS &R “EEF”
|} #Riie X3t J

= »
[SII]’P(‘%*”) b RS o SDP (&) © “EEET 2]

[1] Lasserre, “Global optimization with polynomials and the problems
of moments”, STAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for semialgebraic
problems”, Math. Prog. (2003).

ZIEX SDP & LU SOCP NDHLR
6] Kojima, “SOS relaxations of polynomial SDPs” (2003).

Hol and Hol,*SOS relaxations of polynomial SDPs” (2004).
D. Henrion and J. B. Lasserre (2005).

Kojima and Muramatsu. To applear in Math. Prog.

L, % N O




2EZEARNIBERERSIBRGET— Y 2/H>ZEARBLERE (POP)F

n
min E Qa;x;

i=1
10 b c¢; 11 . -2 1 .
s.t. (01)—{—(03 dj)m’+(11)m3w]+l+( 1 _1>m3+1t0,

(ZIERTIFREFER) (FAHDHIEFEE)
(0'3(m2+wn)+1) — "(wk+/3¢'9mn)" Z 0 (jak: 1y...4n — 1),
(2 REAFR)

1—m2—m2+1—m2 >0(p=1,....n—2)
(E%@%ﬁTT%ﬁ)

2L ai bj,d;j € (—1,0), ¢j,3; € (0,1) EXEE.
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f(z) : n ZEFEZERX & f(z) >0 (Vz € R").
N n ZEGEBZEADES.

n ZHZIBER f(x) : SOS (Sum of Squares of Polynomials)

)
f(z) : (BEED) n ZHZEAD2FEN, 905

k
3 BRED n ZHEEBER gy(x),...,9c(x); f(z) =Y gi(z).
i=1

Y:nZEHSOS DES. X, CYX: R r XD n ZEEZIEA D 2 FM.

Bl. n=2. f(z) = (mf — 229 + 1)2 + (Bxyze + 9 — 4)? € X4
Bl. n =2. f(z1,22) = (1229 — 1)2 — :c% € 4.

inf{f(z1,x3) : (x1,22) E R’} =0;0 < 1 — 0, zp = 1/,
ARN=R



f(z) : n ZHFEEZERX & f(z) >0 (Vz €R").
N :n ZEFFEZEADES.

n ZHZIBER f(x) : SOS (Sum of Squares of Polynomials)

|
f(z) : (BEED) n ZHZEAD2FEM, 9405

k
3 BEED n ZEHZIER g((x),...,gk(z); f(z) = Zgi(w)2.
i=1

Y:nZEHSOS DES. 3, CY: MR r XD n BEZIEA O 2 FEM.

o BERBMICIE, TCN, T#N.

o 122U, f(x) € X135 f(x) € N BZFHED,

e EAMN LI NZF—R T S = Sums of Squares Optimization, Relaxation.
en=10DEEE T=N.Vn>1T, 2R nZEEEZEADES =3,.
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P: min  f(x) (72720 f(z) & = € R" ICBET 5 2r X n EHZIER)

T €

4
FEEREE

P’: max {( sub.to f(x)—-(¢( >0 (Vz €R")

X
f(x) — ¢ EN (n ZEEGEEAZERADES)

CCT = BEHTELGBW! EEBOAFAZLRTSIIyTYvI A

fix)




P: min  f(x) (772U f(z) & = € R" ICB8T 5 2r X n EHZIER)

T €

4
FEEREE

P’: max ( sub.to f(z)—¢ >0 (Vz €R")

)
f(x) —¢CEN (n ZEGEEZEADES)

CCT, x BEETIEIGBW! EEBOARFAZLERITSIIVTVI A,
0, CECN || P OZFHEE = P OFEM

P’: max ( sub.to f(z)—( € o (BR r RD n THZIEAR D 2 FM)

P OBIME = P’ DRKAE > P” ORKIE
J
SDP (¥EEEFERRE) ICRE — Z DFETIEIERAZRL




1]

RHR

TOEHB="rh1%%:

B R
1. LIAR &#E 1L & (Polynomial Optimization Problem)
2. FEZIENE2FE ZIAZ(Sum of Squares)

3. FIHD M ELPOPIZx 9 3SOS #E#0

4. RERXEHFTEPOPIZxT BHSOS

O.

BT HE A

6. F&EH

F-7E O ERED KR &aE 1k

R BT =D T —2DBREDFERADAME



POP: min fyg(z) sub.to fj(z) >0 (3 =1,...,m).

e POP CxT % 2 EZIBAEF O

“—fZ{t Lagrangian Dual”
4
“HBINEHEDO DRV POPs” [CXY % 2 FLIEAE
4
POP [cxd % 2 FZBAEM

e Exploiting sparsity in SOS relaxation of POP



POP: min fyg(z) sub.to fj(z) >0 (3 =1,...,m).

BEDER : fi(z) dx; (G EC; CN) EHFUHIEERW( =1,...,n).
—i%{t Lagrangian B%L .
L(z, A1 Am) = fo(@) = ) i) fi(x)

j=1
for Vo € R", VA, € 2FEZIER
R3A; >0 = L [FES®D Lagrangian BEEL

—f#%{t Lagrangian XX #ERR

max min_L(xz, A1, ..., Am)

A\ € 2EZIERA, ..., )\, € 2EZEAR zc R"
X

—%{t Lagrangian XX{#ER
max ( s.t. L(z,A.... . An) —C >0 (Vz € R"),
AL € 2EZIESA, ..., A\, € 2EZEA




POP: min fyg(x) sub.to fj(z) >0 (3 =1,...,m).

BREDER : fi(z) Bz (1 €C; CN) EFULHIEFERRW(F =1,...

J7).

—i%{t Lagrangian B%L .
L(@, A1, Am) = fo(x) = ) Aj(@) fi(x)

71=1
for Vo € R", VA, € 2FEZIER
R3A; >0 = L [FES®D Lagrangian BEEL

—#%{t Lagrangian X{X{#R
max ( s.t. L(z,Aq,.... Am) —C >0 (Vz € R"),

A € 2FEZIER,... . \,, € 2FEZIER

| sparse SOS #&#

max ( s.t. L(z,A,.... A,,) —( € 2FEZIET
AMEX,. ... Am €E X0

o 212U B; C 2FZBR : a; (1 € C;) RITD2FEZIER
= Lz, A\.....\n) — C: BEZF-TCEME.



72l
min fo(:l!) = —I| — 9 — g — 4 — Iy
s.t fi(zr,x2) = —ar:‘l1 — 2:1:% +12>0, fo(xa, x3) = —3:{:‘21 — 4:1:3, +1>0,
fa(ws, xq) = —x3 — 3x] — 1 >0, fi(zg,xs) = —2x; —x; — 12> 0.

—i%{t Lagrangian B%X

= fo(z) — Ai(z1, 22) fi(z1, x2) — A2(22, 23) fo(x3, 24)
—As(xs, 4) fa(@s, T4) — As(z4,y T5) fa(24, T5).

f=1z U, Aj E 2 EZIFR.

ZDEE L(zyAis... Ay) OBHE/IT—21F

000
(::*00\
H=|]0xx%xx%x20

00
\003::}

L(z,A1,...,Am) —  : RAIN—=2R7& Cholesky 7 f&H 0] g !




FEH

POP: min fyp(x) sub.to fi(z) >0 (z=1,...,m),

Lagrange B% : L(z,w) = fo(z) — wifi(z) - -+ — wp fz)

wj >0 %Z pj € Xy TEFHRZ

—#{t Lagrange BI% : L(z, @) = fo(z) — ¢1(z) fi(z) -+ - — pm(z) fiz)

POP

J LMI ZHEARFEXDEM

POP SDP ()

U #Rilt

SDP(#&#1) Lasserre [3]

=N —%{t Lagrange JUONREIRR (#&F0)
X |}
| SOS &
XX J
= SDP (#701) Parrilo [2]

1] Lasserre, “Global optimization with polynomials and the problems
of moments”, SIAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for semialgebraic
problems”, Math. Prog. (2003).

+ ZEAOREDER — KRIEABNDER
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ESGEES STRES
Vobhox7

e SparsePOP (Waki-Kim-Kojima-Muramatsu, 2005)
— MATLAB program for constructing sparse and dense
SDP relaxation problems.

e SeDuMi1 to solve SDPs.

ASl NVl
e 2.4GHz Xeon cpu with 6.0GB memory.



G.Rosenbrock D&/t

n

fl@) =) (100(z; — 2} ;)* + (1 — z:)?)

1=2

oR" ET2 DDORIMNENEFE: o1 =11, i =1 (2 > 2).
e Add =; > 0 = RIAEZDICEE.

cpu in sec.
n| €ohj Sparse | Dense

10(2.5e-08| 0.2 10.6
15(6.5e-08| 0.2 756.6
200 5.2e-07| 2.2 —
400 2.5e-06 | 3.7 —
800 5.5e-06| 6.8 —

| RIMEQ TR — ER/E|
€obj = max{1, | R/IVED T |} .




RAGIENS DEFMEH (Coleman et al. 1995)

1 :
st. Yiy1 =Y + ﬁ(y? —xz;), (=1,....M—1), y1 =1

/

M || # of variables €obj €fons CPU
600 1198 3.4e-08 2.2e-10 3.4
700 1398 2.5e-08 8.1e-10 3.3
800 1598 5.9e-08 1.6e-10 3.8
900 1798 1.4e-07 6.8e-10 4.5
1000 1998 6.3e-08 2.7e-10 5.0

o | RAMED T 5 — AR/ |
“obj max{1, | RIMEOTRE|}
€fons = FILbIfDIRE,
cpu: ;THER (#)




alkyl.gms :

min

globallib "5 DXV FY¥— 7V FEE

—6.3x5xg + 5.04x9 + 0.3523 + x4 + 3.36x¢

sub.to —0.820xy + x5 — 0.820x6 = 0,
0.98z24 — x7(0.01z5210 + ®4) = 0,
—x2xg + 1023 4+ 26 = 0,
w52 — x2(1.12 + 0.132x9 — 0.0067x3) = 0,
xgr1z — 0.01x9(1.098 — 0.038x9) — 0.325x7 = 0.574,
T10T14 + 22.2x11 = 35.82,
111 — 3(133 = —1.33,
lbd, S €Ty S ubd,- (z - 1, 2, R 14).
Sparse Dense (Lasserre)
Eﬁ%g n eobj Gfeas cpu Eobj Gfeas cpu
alkyl |14 5.6e-10 2.0e-08 23.0|out of memory

| RAMED T 57 — b/ & |

“obj = max{1, | RIMED T} |}
€feas — %ﬁ%”%@nh%
cpu : :HEKERE ()




globallib Do DX FY —7 FEE

Sparse Dense (Lasserre)
BIRE A n Eobi €fons CPU €obj €fons cpu
ex3_1_1 8 6.3e-09 4.7e-04  5.5| 0.7e-08 2.5e-03 597.8
st_bpaflb |10 3.8e-08 2.8e¢-08 1.0 4.6e-09 7.2e-10 1.7
st_e07 |10[0.0e+00 8.1e-05 0.4|0.0e+00 8.8e-06 3.0
st_jcbpaf2 |10 1.1e-07 0.0e4+00 2.1| 1.1e-07 0.0e+00 2.0
ex2_1.3 |13| 5.1e-09 3.5e¢-09 0.5]| 1.6e-09 1.5e-09 7.7
ex9_1_1 |13 0.0 4.5e-06 1.5 0.0 9.2e-07 7.7
ex9 2.3 |16[0.0e+00 5.7e-06 2.3]|0.0e+00 7.5e-06  49.7
ex2_ 1.8 |24| 1.0e-05 0.0e+00 304.6| 3.4e-06 0.0e+00 1946.6
exb5_2 2 cl| 9| 1.0e-2 3.2¢4+01 1.8| 1.6e-05 2.1e-01 2.6
ex5.2.2 c2| 9| 1.0e-02 7.2e4+01 2.1| 1.3e-04 2.7e-01 3.5

® ex5 2 2 cl and ex5_2_2_ c2 — Dense DIESH KLY
® ex5.22cl and ex5.2 2 c2 ZDZWVT Sparse & Dense &IEIE

RFEDELR/NNEZETH L TWS.
o MIBDOKEZRZBBETIE Sparse [EDense & DiRELY,




%183, SDP (dense) DO

min E a;ir;

T “k x k SHHTAIE RE&E T BRE3DSER > O,

s.t.

(ZIEATIARFER) (FAHHIEEE)
O<£BJS]. (j:]. ...,n).
cfel, I & k x k BA175.
cpu SDP size # of
n| k| sec. €obj €foas | Size of A, SeDuMi|nonzeros
7 5| 19.6| 2.0-09( 6.9-10 791x22,608| 41,587
8| 5[103.3|2.4e-09|4.0e-10 1,286 x39.,006 69,772
9| 5[212.7|6.4e-10|1.2e-10 2,001x63,959| 109,169
10| 5|828.9(6.8e-10|1.8e-10 3002x100,385| 171,895
7(10| 23.4|2.8e-10(3.0e-10 791 x27,408 75,502
7120 38.2|3.3e-10(6.0e-09 791x46,608| 210,532
7(40({123.0|2.6e-09 (4.1e-08 791x123,408| 749,392




BT —49 #E5D%I8R, SDP-SOCP &#{LREEDH

min Y ', a;x;

10 b ¢; 11\ —2 1\
()4 (57)o (1) mrs (7 4z

(ZIEATIARFR) (AN HIEEE)
(0.3(x} + x) + 1) — ||(zk + Biszn)|| 20 (juk=1,...,n —1),
(2 REARF)

l—al—al  —z2>0(p=1,...,n-2) (ZEAFEN)

112U a; bj.dj € (—1,0), ¢;,3; € (0,1) FEE.

cpu SDP size # of
n| sec. €obj | €feas size of A, SeDuMi |nonzeros

600 25.7|4.0e-12] 0.0| 11,974 x 113,022 235,612
800[34.8(3.2e-12| 0.0| 15,974 x 150,822| 314,412
1000 44.5|1.6e-12| 0.0 19,974 x 188.622| 393,212
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e Lasserre’s @ (dense) SDP &
— ERGPER. UKL, BEORERDOBMICH > TEHHEREIEHRICIEX

e Sparse SDP relaxation
= Lasserre’s @ (dense) SDP & + ZIEXOEMHDER
— BEHENBINER, HD, FHEREZREN = KREFRENDER.

o SEDRE
~ ZIBROBEED S 578575
— K& SDP OEELBE
—~POP 540U 3% SDP BREOFEEMNLAZTEMEDEE
~ BMIBEOKZRZZIER SDP ND#EA

CDFERER:
http://www.is.titech.ac.jp/~kojima/talk.html
CHERHOHESTETVELL!



