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HE = Wik 2 857 2 W IE O KIS i i b
KB % A 72D DBli7e 7 — % ODHEREH
— BEERZ @ L T
N
1. ZHEAmELRE (POP)
2. IEAZIEA L SOS (Sums of Squares of Polynomials).
3. %U% FEDAD T2 WL T L E (POP) 1289 % SOS
A
4. ANEXSEAA E L TH A RE M- (POP) I2X14 % SOS fZAl
5. ZUEFHER R
6. Kb I
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HEE = “rhidk %2 K 72 70 O [ E O RIS i {1
K % L 72D DBl 7 — % ODHERNEH
— BEFER 2 LT
NE
1. ZHEAELEE (POP)
2. JEALIEFA & SOS (Sums of Squares of Polynomials).

3. RIS DD WL A RELAE (POP) I2Xf 4 % SOS
A

4, AFEAEHAN ZLHEAELE (POP) 12X 4 5 SOS ## 1l

5. BEETEME R

6. &b hIZ
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R™ : n-XJt Euclid ZE[Al, n-XIu~7 kv D2E[H].
x=(x1,...,0,) ER": XRT FILEEL.
fi(x):x e R"ICBET % n BEELHEN (j=0,1,...,m).

POP: min fy(x) sub.to f;(x) >0(j=1,...,m)

#l. n =3
min
sub.to

fo(x) = 29 — 22125 + xiwo73 — 475
fi(x) = —x7 + brgzs + 1 >0,
fo() = 27 — 3w12905 + 223 + 2 > 0,
f3(x) = -2 — a5 — 25+ 1> 0.

(

To >0, x5 > 0, zoxs = 0 (FHEHHES).

o ZIH At Ll (POP) DELIR I IEE Ve,

o JERE I+ A it b T ORISR E L O BH € TV
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14

S EMEEHEREANC N % 2 O 7 7 u—F [1], [2]
POP: min fy(x) subto fi(x)>0(G=1,...,m),

POP = | —#%fk Lagrange ICxf (&A1)
U LMI 2218 gEKoEm o |

PSDP o “4t[R%1]” | SOS #EfD “HER A"

U $IEAk M)

SDP(ERT) o “SEMRFI" [1] | < | SDP(ER]) O “4ERF1” [2]

[1] Lasserre, “Global optimization with polynomials and the

problems of moments”, SIAM J. on Optim. (2001).
[2] Parrilo, “Semidefinite programming relaxations for

semialgebraic problems”, Math. Prog. (2003).

(@) POP Di/IMED T 5.

(b) BEGHIVICIZ T 5L POP O E D f/IMEIZIGE.

(c) FEMIMEIX SDP & LTI %, 2094 XX, (FEEZHE
RS BT &) R 1> T 2uE I B,

(d) FEH ERHIEREICEA AR = ZEADOBEDTEH
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14

S IEE MR TIERER ST 3 2 2 MO 7 71— [1], [2]

POP: min fy(x) subto fi(x)>0(G=1,...,m),

POP
U LMI 23 AE BN
PSDP o “ffR41”
I #RIEAL

SDP($EH1) @ “HEFRF1" [1]

=
XX}

XORE
&

—fkAk Lagrange XU (FEA0)

4
| SOS iR “HER”

Y
SDP(#2H1) @ “fEfR 41" [2]

[1] Lasserre, “Global optimization with polynomials and the
problems of moments”, SIAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for
semialgebraic problems”, Math. Prog. (2003).

% A DBHE D

3] Kojima, Kim and Waki Math. Prog. (2005)
4] Waki, S. Kim, Kojima and Muramatsu SIAM Opt (2006)
5] Waki, Kim, Kojima and Muramatsu, SparsePOP (2005)
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14

S EMEEHEREANC N % 2 O 7 7 u—F [1], [2]
POP: min fy(x) subto fi(x)>0(G=1,...,m),

POP = | —#%fk Lagrange ICxf (&A1)
| LMI #2518 oEm Ao |

PSDP o “4t[R%1]” | SOS #EfD “HER A"

| #IEAL M)

SDP(ERT) o “SEMRFI" [1] | < | SDP(ER]) O “4ERF1” [2]

[1] Lasserre, “Global optimization with polynomials and the
problems of moments”, SIAM J. on Optim. (2001).

[2] Parrilo, “Semidefinite programming relaxations for
semialgebraic problems”, Math. Prog. (2003).

%IH5 SDP £ X 18 SOCP ~D ik

| Kojima, “SOS relaxations of polynomial SDPs” (2003)
Hol and Scherer, (2004)

Henrion and Lasserre (2005)

Kojima and Muramatsu, to applear in Math. Prog.

©. 0~ o
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2 L IANFEMDSEH K 5870 7 — % ZH> POP DO

n
min Z A; Xy
1=1

1 0 b, ¢ 1 1
S.t. + 1 7 -+ 2. = O,
<01> <cj dj>x” (1 1)37’%“—

FERTHAER) (o503 1F G 4iE)
(0.3(x3 +xn) + 1) = (z + i) 20 (G, k=1,...,n = 1),
(2 KAL)

l—w -2, —2.>20(p=1,...,n—2)

O D % THA A )

foEL ai,bj,dj < <—1,0), ijﬁj S (O, 1) ciﬁ[&%&
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HE = i % 5 7= 7 W EE O RIS i o bk
KB %2 R 7= 0 DBl 7 — ¥ OHERIEH
— BUEEE 2@ L <
N
1. ZHEAn#ELIE (POP)
2. FEALIE & SOS (Sums of Squares of Polynomials).
3. %U%%’\J%#O)ﬁﬁ%cb)%ﬁfﬁﬁ%i@ﬂﬁlﬂnﬁ%ﬁ (POP) I2x}§ % SOS
A
4, AFEAEHAN ZLHEAELE (POP) 12X 4 5 SOS ## 1l
5. BB R
6. Kb DI
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n 2% IEA f(x) : SOS (Sum of Squares of Polynomials)

)
f(x) : BEMED) n BHELHEAD 2N, Tobb

IHRED n BHSER g,(x). ... il Z 6l
Yin BSOS DEA. Y., CY m&A r XD n B SOS

fliﬂ n = 2. f(l’l, 1'2) = (ZIZ’% — 2332 -+ 1)2 -+ (31’1332 + X9 — 4)2 = 24.
Bl n = 3. f(x1,22,23) = (112973 — 1) + 21 € D

.—p.10/31



f(x) : n ZEIFELHN < f(x) >0 (Ve e R").
N :n ZRIEELTEXDESL.

n 2% IEA f(x) : SOS (Sum of Squares of Polynomials)

f(x) : (B D) n ZHELIEAD 2N, T4b5

k
IERAD n BHEEER g, (x), ..., ge(@); f(2) =) gi(x)’
1=1
Y in BSOS DELE. X, C X mA r XD n 2 SOS.

o HIERINIZIX, X C N, L #N.

o 72CL, f(x)gdX %% f(x) e N IZtHD.

o M LI Z[H—f T % = SOS Optimization, Relaxation.
en=1DLEE, Y=N.Vn>17T, 2R nZEHIEALHAD

;%/ﬁ\ — ZQ.
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H = % F 72 70 O [ O K Isi seodAL
KB % A 72D DBli7e 7 — % ODHEREH
— BEFEER 2 LT
NE
1. ZIHEAx#ELE (POP)
2. IEAZIEA L SOS (Sums of Squares of Polynomials).
3. %ﬂ}?’ﬂ%#@)ﬁi»tc W& IH UGG E (POP) 12X 9 % SOS
A
4, AFEAEHAN ZLHEAELE (POP) 12X 4 5 SOS ## 1l
5. ZUEFHEA R
6. Kb I
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P: min f(x)(f(x)lZzeR" TS 2r X n 2%

W
ing
=38

x € R"
) 4
i
P’. max ¢ sub.to flex)—C >0 (Ve e R")

)
f(x) — ¢ e N (n BEIFALTHADER)

I FRETIE R BREOAFEAZHDLT 214 7y 7 A,
fix
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P: miﬁ% flx)( flx) 1z eR"ICEAT % 2r X n BEZERN)
r c R"
) 4
AR I

P’. max ¢ sub.to flex)—C >0 (Ve e R")

0

f(x) — ¢ e N (n BEIFALTHADER)

Yo, CECN | P DEITHIE = P DFEMN

D

. max ¢ sub.to

f(x) —C € Xy, (R 7 XD n 2% SOS)

P Di/IME =P DixKfE > P’ D KiH
4

SDP (*FIEZEEFTHIAE) I20mE — Z OFfE TIElb R 720
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H = % F 72 70 O [ O K Isi seodAL
KB % A 72D DBli7e 7 — % ODHEREH
— BEFEER 2 LT
NE
1. WAL E (POP)
2. IEAZIEA L SOS (Sums of Squares of Polynomials).
3. %Uf’ﬂ%#@ﬁﬁ)?&b)%ﬁﬁﬂ%i@ﬂﬁlﬁ%ﬁ (POP) IZXf9 % SOS
B A
4. ANEEXSEAA E ZTH A RE M- (POP) 1I2X14 % SOS fZAl
5. ZUEFHEA R
6. Kb DI
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POP: min fyo(x) subto fi(x)>0(j=1,...,m).

& POP IZXT % 2 4 WA FB A DML

“—fi{l. Lagrangian Dual”
_|_
“FIRISEED D22\ POPS” 12X 9 % 2 L IHAH

U
POP 12X % 2 32 JE AR

X
)
-

e Exploiting sparsity in SOS relaxation of POP

.—p.16/31



POP: min fyo(x) subto fi(x)>0(j=1,...,m).

—f%{t. Lagrangian B9%%
L(wa )\17 S )\m) — fO(w) R Z;n:1 )\](w)f](w)
for Ve € R", V), € SOS
R >\, >0 = L IZ@% D Lagrangian B%%.

—fAl. Lagrangian B0 e

max (S.t. L(x,Ai,....\,)— (>0 (Ve eR"),
A € SOS, ... )\, € SOS

| _sparse SOS #EFH

max (St L(x, \,....\,)—C€ SOS
M EX, ..., A\ € 2.

o 7:72L 5, C SOS: z; (i € C;) 71F D SOS
S (@A) — C o R R 7 Bl

.—p.17/31



min fo(x) = —x1 — x9 — x3 — x4 — T5 S.1
fi(x) = —27 — 225 +1>0, folx) = =325 — 45 +1 >0,
fa(x) = —a5 — 3207 —1>0, filx) = 25 —2: —1>0.
—f%A{t. Lagrangian B4%%
L(x, A, ..., )
= fo(x) — A\i(z1, x2) fi(w1, 22) — No(T2, 23) f2 (73, 74)

—)\3(3737 $4)f3($3,374) — )\4($475175)f4(3347 $5)-

7%.7? L, )\j c SOS. L(CL‘,)\l,. . .,)\m @f@ﬁ'[’iﬂy‘-‘/ﬁ

/**OOO\
* x % 0 0
H = 0 x »x x 0
0 0 % %
\ 0 0 0 %

Lz, M\i,..., \n) — 1 A28— A 7% Cholesky 77 fi#Asm[ g |

.—p.18/31



Fed

POP: min fy(x) subto fi(x)>0(j=1,...,m).

Lagrange B44% : L(z,w) = fo(x) — 27, w; fi(x)
w; > 0% @; € Xy, TEHSHZ
—iifl Lagrange BIZC - L(z, @) = fo(x) — D202, wi() ()

POP = | —#%fk Lagrange ICxf (&A1)

4
| SOS iR D “HERI”

Y
SDP(#2H1) @ “fEfR 41" [2]

[2] Parrilo, “Semidefinite programming relaxations for
semialgebraic problems”, Math. Prog. (2003).
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Fed

POP: min fy(x)

sub.to

fi®)>0(G=1,....m).

Lagrange B9%¢

—fi%{l. Lagrange B4%¢

POP

U LMI 23 AE BN
PSDP & “f[R51]”
| #IEAb

L(z,w) = fo(x) — > w;fj(x)
w; > 0 7&? P c 22?“ T[ﬁ%‘]ﬁ@z

L(z, ) = fo(®) = >_521 (@) f5()

=
XX}

XORS

SDP($EH1) @ “HEFRF1" [1]

-

—fkAk. Lagrange XU (FEA0)

4
| SOS iR D “HERI”

g

SDP(#2H1) @ “fEfR 41" [2]

[1] Lasserre, “Global optimization with polynomials and the

problems of moments”, SIAM J. on Optim. (2001).
[2] Parrilo, “Semidefinite programming relaxations for

semialgebraic problems”, Math. Prog. (2003).
+ ZIAADBIEDTEH = KB REN D

. —p.20/31



H = % F 72 70 O [ O K Isi seodAL
KB % A 72D DBli7e 7 — % ODHEREH
— BEFEER 2 LT
NE
1. WAL E (POP)
2. IEAZIEA L SOS (Sums of Squares of Polynomials).
3. %'Jﬁ’ﬂ%ﬁ%Dﬁﬁtcb)%ﬁﬁﬂ%i@ﬂﬁﬁnﬁ%ﬁ (POP) IZXf9 % SOS
B A
4. AEEXSFAA E L TH A RELEE (POP) 1I2X14 % SOS fZAl
5. ZUEFHERGER
6. Kb hIC
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BE ET S
VAVEORYA A

#® SparsePOP (Waki-Kim-Kojima-Muramatsu, 2005)
— MATLAB program for constructing sparse and dense
SDP relaxation problems.

® SFSDP (Kim-Kojima-Waki, 2008)
— MATLAB program to solve sensor network localization
problems.

® SeDuMi to solve SDPs.

N—FT7 7T
® 2.4GHz Xeon cpu with 6.0GB memory.
® 2 x 1.83 Dual-Core Intel Xeon with 2GB memory

. —p.22/31



alkyl.gms : globallib 7> 5 DX F < — 7 [

mm
sub.to

—06.3x5x8 + 9.04x9 + 0.3523 + x4 + 3.3624

—0.82029 + 25 — 0.820z6 = 0.

0.9824 — 27(0.01x5210 + 4) = 0,

—Toxg + 10x3 + 16 = 0,

T5T19 — To(1.12 + 0.13229 — 0.006723) = 0,

rgr13 — 0.0129(1.098 — 0.038x9) — 0.325x7 = 0.574,
T10T14 + 22.2211 = 35.82,

ri1x1; — 3y = —1.33, Ibd;, < z; < ubd; (:=1,2,...,14).

Sparse Dense (Lasserre)
‘obj  ‘feas “PY || Cobj ‘feas CPY
5.6e-10 2.0e-08 23.0 || outof memory

| RAMED TR — SRR M |
EObJ B max{1, | Eafj\{ﬁo)}*gg ‘} :
€faqs = AR DA, cpu @ GHEEHE (7))

. —p.23/31



Sensor network localization problem: Let s = 2 or 3.

x’ € R* : unknown location of sensors (p =1,2,...,m),
" =a" € R° : known location of anchors (r=m+1,...,n),
dy, = |®¥ —x|+e,, — given for (p,q) € N,

N = {(p,q):||=" — x| < p = a given radio range}
Here ¢,, denotes a noise.

Anchors’ positions are fixed.

m=>5, n=09. A distance is given for V edge.

1,...,5: sensors |
6.7.8.9° anchors Compute locations of sensors.
d = Some nonconvex QOPs

by Biswas-Ye '06, ESDP by
/ | /3 —5 Wang et al '07, ... for s = 2.

/l/ﬁ\ #® SOCP relaxation — Tseng '07
7 9 for s = 2.

o ..

1
6\1? S ® SDP relaxation +? — FSDP

.—p.24/31



Numerical results on 3 methods applied to a sensor network
localization problem with

m = the number of sensors dist. randomly in [0, 1]?,

4 anchors located at the corner of [0, 1]?,

p = radio distance = 0.1, no noise.

FSDP
SFSDP = FSDP + Exploiting sparsity, as strong as FSDP
ESDP — a further relaxation of FSDP, weaker than FSDP

SeDuMi cpu time in second
m FSDP SFSDP ESDP

500 389.1 35.0 62.5
1000 | 3345.2 60.4 200.3
2000 111.1  1403.9

4000 182.1 11559.8

. —p.25/31



m = 1000 sensors, no noise
SFSDP = FSDP + Exploiting sparsity

anchor :

true : ()
g computed : x
ldeviation : —

® % % &

® %% - E

| I® @§ % % %\ @ @ﬁ%l 96 | %I %® I@
0.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

.~ p.26/31



m = 1000 sensors, no noise
ESDP

O

<~ -:“( r.:'\‘\l '\K‘: ! \ & \\\’ ‘\
01F% % \L”'“‘ \\‘3{‘0\‘0 \V%\\) '\\s‘; \«\»

9‘*' o) %

O A R i‘
N b K | AP ¢ s
S e kR

\ XEOAN N

@ﬁﬂ\ \

AN
s\w..\« \!

© ) i} \
S-S RN CUN (R BN "".“.-“\k»“
04> ' L O © B ®
0 0.1 0.2 0.3 0.4 0.5

anchor : §
true : ()

| computed : *
|deviation : —
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3 dim, 500 sensors, radio range = 0.3, noise <— N(0,0.1);
(estimated dist.)d,, = (1 + €,,)d,(true unknown dist.),
€pg < N(0,0.1)

SFSDP = FSDP + Exploiting sparsity

¢ anchor: ¢

s true : ()

A .
- computed : x

.—p.28/31



noise <+ N(0,0.1);

= (1 + €,,)d,,(true unknown dist.),

=0.3

3 dim, 500 sensors, radio range

dpq

(estimated dist.)

(0,0.1)

€pg — N

SFSDP = FSDP + Exploiting sparsity + Gradient method

. —p.29/31

Q
true : ()
ES

| ) ~ computed :
- odeviation :




HEE = “rhidk %2 K 72 70 O [ E O RIS i {1
KA EE % R 72D DB 7 — % OARIEH
— BEFER 2 LT
NE
1. WAL E (POP)
2. JEALIEFA & SOS (Sums of Squares of Polynomials).

3. RISt D D T A IEAmE L E (POP) 1I2X)9 % SOS
s

4. AEASMNT = L EA g LE (POP) 1263 % SOS #EA

5. BUEGIEAS

6. Kb I
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® Lasserre’s O (dense) SDP #&Hl
— BERINZZIDOR. L L, MEDHBLOEINICHE - CTEHEI
GRG0 PN

® Sparse SDP relaxation
= Lasserre’'s @ (dense) SDP #&Hl + ZHA DB DI
— BEG IR, 20, EFEEE 2D = KREREANO
i .

® SHDHHE

SR DBMED X 5 72 57EH

KB SDP D 5 75 figt vk

POP 7> 54U % SDP [ D BUEIN 72 AL ENME D I

RO R Z 72 %12 SDP ~D3#E H

e o @ ©
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	alkyl.gms : globallib ‡©‡ç‡Ì…x…ﬁ…`…}†[…NŒâ‚è
	Sensor network localization problem: Let $s=2$ or $3$.
	
	 	extcolor {TBlue}{$m$ = 1000 sensors, no noise}
	 	extcolor {TBlue}{$m$ = 1000 sensors, no noise}
	3 dim, 500 sensors, radio range = $0.3$, noise $leftarrow $ N(0,0.1);
	3 dim, 500 sensors, radio range = $0.3$, noise $leftarrow $ N(0,0.1);
	
	

