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A IESE MG ] (SDP) IR EHH (LP) DRIR

LP: minimize —X;; —2X:9 — 55Xy
subjectto 2X i +3X1o + Xoo =7, X171+ X2 > 1,
X112 0, X920, Xoo > 0.

SDP: minimize —X;; —2X;5 — 5X9
SUbjeCt tO 2X11 —|— 3X12 —|— X22 — 7, X11 —|— X12 Z 1,
X112 0, X122 0, X990 >0,

X12 X22

PHEBEB X1, X, Xoo BT 285 HINEIZK
DHET X1, Xig, Xoo IZBHT 2 8EEZ - AEASEM:
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cIEEEE I (SDP) I8 5T (LP) DfEHR

LP: minimize —X;; —2X:9 — 55Xy
subjectto 2X i +3X1o + Xoo =7, X171+ X2 > 1,
X112 0, X920, Xoo > 0.

SDP: minimize —X;; —2X;5 — 5X9
subjectto 2Xi; +3X1o+ X =7, X171 + X2 > 1,
X112 0, X129 20, Xog >0,

( Xu X ) - 0 ChIFER)

X12 X22
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A IESE MG ] (SDP) IR EHH (LP) DRIR

LP: minimize —X;; —2X:9 — 55Xy
subjectto 2X i +3X1o + Xoo =7, X171+ X2 > 1,
X112 0, X920, Xoo > 0.

(

SDP: minimize —X;; —2X;5 — 5X9
SUbjeCt tO 2X11 —|— 3X12 —|— X22 — 7, X11 —|— X12 Z 1,
X112 0, X122 0, X990 >0,

n X n FEXNTI A Y

S A D

X12 X22
- EfE
HAEMEDTXTIEA, F 7213,

2 XA u! Au > 0 for Vu € R”

g eisag Cip]l
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Classification of Optimization Problems
vd Ny

Convex &— Continuous Discrete
U > U

. A Nonconvex 1 IRteaet
Linear Optimization Problem

over Symmetric Cone N r%‘ '
: - L/ — I M . - I
-emi_efinite “rogram elaxatio 5 ~olynomial
L_, ptimization
_ : § Z roblem
~econd _rder _one Frogram m
U = OF over

N

onvex . uadratic

LN (. Symmetric Cone
ptimization roblem

inear ' rogram “llinear "Jatrix
‘nequality
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S EHEIZ SDP & 2 O XN i jE

E\Eﬁ:ﬁ% m|n AO‘X
subto A, e X =0,(1<p<m), S">3X = O.

S" : nox n XNEMTAID 6 7r BRI 2R,
A, eS" : T—=%,nxn N7 (0<p<m),
by eR : T—%, 28 (1 <p<m),
X eS" : nxnZE, NI
[ Xn X ... Xin )
X = (X)) = -21 .22 | -2 cs
\ Xt Xz o X

Ape X = Y0 >0 [Ap); X (W)

MWEE max by
subto Ag—> " Ay, = O.
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3 *ﬁ%ﬁqﬁﬂ@lﬁ L L A Ay :nxn 3EXNH
min >~ (A) X+ AY X + ANy X)) + AY X — (1)
1=1

sub. to  (fTFIATEL, B+ &)

(1-Xu 0 ... X )
VX 01— X Xos 0 —»
\ Xo X .. 1-X,, )
(XH X ... Xln\
x = | e Ao A o chiEEfEg
\ X0t X oo X /

# domain-space sparsity — (1), (2) TfELN TV L X, ?
® range-space sparsity — (2) &0+l
o (FEa7:) HHEEBEME — (2) Tk Xy (& 72027220 L n|HE
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3 FEEH DB © filj B 20 {5
U B2 TR L 7o 2w A

n—1
min Z (A% X5 +2AY, 1 X)) + A% X, sub.to
=1

Lo [ Xu -Xe )

0 0 —X12 —Z1

1 0 B Xm _Xi,i—l—l E O (Z _ 27 37 n— 2)7
0 0 Xi,z'—l—l Ri—1 — %

1 0 B Xn—l n—1 — An—1mn E O7

0 1 — An—1n Xn,n + Zp—2

00 [ “Xa Xaw )\ oGi1a a1
0 0 — X1 —Xip1,i41

® 3n -3 B .
® 3n—3MHD 2 x 2 FTHIAZER
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3 HSHDBRM: © il 5 72 {51

sl EIR R, P (Schur #isEfTo DY A X)
n 25 1] 2t
10 0.2 (55) 0.1 (27)
100 || 1091.4 (5,050) 0.6 (297)
1000 - 6.3 (2,997)
10000 - 99.2 (29,997)

. .
150 200
nz =1084

o ZHa% D SDP @ Schur #i5ef 741l (FBON N FIE D 25 AR T i
BT D IEEME %= R 580 751) DB (n = 10, 100)
o ZHARTL I B AT H
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3 x 3 AEEXNM T
3 3
X = 3 3 2
2 92
1%, (1,3) FE = (3,1) BFEIC2 Z2ED T, 3 x 3 FIEEENTRT
3 3 2
X = 3 3 2
2 2 92
IZH5ETE 5,

® (1,3)#FE = (3,1)EE =0 TIFFIEEMEICIT RS |
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S"(E,?) =
Si(Ev?) —
7-72 L,

&M graph, N ={1,2,...,n}, E=Nx N
EU{(i,i):i € N},

E* DHEEZDOAEZ D n x n ANEENHRITINDES
{X e SYE,?):3X € S}; X, = X, if (4,5) € E*}
(i,7) & (4,7) (ZFA—, (4,4) 1 B IZIZEENLW0

([ X X6\
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&M graph, N ={1,2,...,n}, E=Nx N
EU{(i,i):i € N}, )

E* ODBEZDOAEE D n x n ANEENIITIOES
{X e SYE,?):3X € S}; X, = X, if (4,5) € E*}
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G(N,E) : #&m graph, N =1{1,2,...,n}, E=Nx N
E* = EU{(i,i):i€ N},
SYE,?) = E* DHEZDOHfHZ B D n x n ATBENTIDES
ST(E,?) = {X eSYE,?):3X eS; X,;; = X;;if (4,7) € E*}
S¢ = {XeS":X;;=0if(i,j) €C xC} VCCN
X(C) = XeS% X, =X, ((i,j) eCxC)¥VX eS"
Bz, C={3,6lc NDLZE, X(C)

([ X X6\
2 O
X22 X26
Xas X X
X: 33 34 36 @ @ é
X43 X44 X45
Xs4 Xss  Xsg G(N’ E)
\ Xo1 Xeo Xes Xos Xeo |

e X cS"(E,?) &9 5, X eSY(E,?) = X(C) = OV clique C
e G(N, E) %3 chordal graph THLE “<=” b H
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G(N,E) : #&m graph, N =1{1,2,...,n}, E=Nx N
E* = FEU{(i,i):i€ N},
SYE,?) = E* OBEHZDOAME%E LD nx n REENHITAOES
ST(E,?) = {X eSYE,?):3X eS; X,;; = X;;if (4,7) € E*}
S¢ = {XeS":X;;=0if(i,j) €C xC} VCCN
X(C) = XeS% X, =X, ((i,j) eCxC)¥VX eS"
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G(N,E) : #&m graph, N =1{1,2,...,n}, E=Nx N
E* = FEU{(i,i):i€ N},
SY(E,?) = E* OEEOAEE S D n x n ARSI OEL
ST(E,?) = {X eSYE,?):3X eS; X,;; = X;;if (4,7) € E*}
S¢ = {XeS":X;;=0if(i,j) €C xC} VCCN
X(C) = XeS% X, =X, ((i,j) eCxC)¥VX eS"

G(N,E) : chordal & {EFEDEZ 4 DL I D : 43)

@ cycle 1% chord % >

AN

(a)

NV
G(N, E)
|l chordal #55E




G(N,E) : #&m graph, N =1{1,2,...,n}, E=Nx N
E* = FEU{(i,i):i€ N},
SYE,?) = E* OBEHZDOAME%E LD nx n REENHITAOES
ST(E,?) = {X eSYE,?):3X eS; X,;; = X;;if (4,7) € E*}
S¢ = {XeS":X;;=0if(i,j) €C xC} VCCN
X(C) = XeS% X, =X, ((i,j) eCxC)¥VX eS"

.~ p.17/59



G(N,E) : #&m graph, N =1{1,2,...,n}, E=Nx N
E* = EU{(i,i):i€ N},
SYE,?) = E* DHEZDOHfHZ B D n x n ATBENTIDES
ST(E,?) = {X eSYE,?):3X eS; X,;; = X;;if (4,7) € E*}
S¢ = {XeS":X;;=0if(i,j) €C xC} VCCN
X eS% X, =X ((i,j) e C x C) VX € S"

( X11 X16\ 2) 3 4)
AN
X33 Xaq X6 | (D) 6 5
Xaz Xaa Xy Xy (@) G(N ,E)

X514 Xps Xs6 chordal graph
\ Xo1 Xeo Xos Xoa Xes Xeo J
o X Sn(E,?) E9 5L

X €SN (E,?) < X(C) = OV HiK cliqgue C
K clique : {1,6}, {2,6}, {3,4,6}, {4,5,6}

ol
8
||

.~ p.17/59
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2. FIEEMEMTE
3. domain-space sparsity
#» Fukuda,Kojima,Murota,Nakata '01

#» Nakata,Fujisawa,Fukuda,Kojima,Murota '03
#» Kim,Kojima,Mevissen,Yamashita ‘09 — Nonlinear
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NIMTINZEEL X = O %250t E
(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7272L, i R°xS"—R, f:R*xS"—R", QCR™
d-space sparsity pattern graph G(N, F)
N = {1,2,...,n}
F o= {(i,j) i #7j, Xy foly, X) or f(y, X) ICHE }

.- p.19/59



NPMTANEE X = O 2 &8 IEfrmE b eE

(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7z7ZL, fi:R°xS"—=R, f:R°xS"—=R", QCR™

d-space sparsity pattern graph G(N, F)

N = {1,2,...,n}

Fo= ()i # . XyOHflE fo(y. X) or f(y. X) 1223 )
72720 Ap(y) :nxn 3EXM

min Aq(y) e X

sub. to  (f77IASE, XA+ Z)

[1-Xu

0
fly, X) =

\ X

0
1 — Xo

X2

X1\
Xo3
v

~ 0, X e8]

.- p.19/59



NIMTINZEEL X = O %250t E
(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7272L, i R°xS"—R, f:R*xS"—R", QCR™
d-space sparsity pattern graph G(N, F)
N = {1,2,...,n}
F o= {(i,j) i #7j, Xy foly, X) or f(y, X) ICHE }

min Ag(y) e X 72720 Ag(y) :n xn 3EXH
sub. to  (fTFIA%S, o ff+igf) &)
( 1 — X11 0 c e X12 \
0 1-X9 ... X
fly. X) = c Yo |=0 Xxest
\ X Xy .. 1= Xy

i — | <1 DAHRLE

® foly, X)or f(y, X) DaHiiic i X5,
® F={(i,i+1):i=1,2,...,n—1)

.~ p.19/59



NPMTANEE X = O 2 &8 IEfrmE b eE

(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7z7ZL, fi:R°xS"—=R, f:R°xS"—=R", QCR™

d-space sparsity pattern graph G(N, F)

N = {1,2,...,n}

Fo= ()i # . XyOHflE fo(y. X) or f(y. X) 1223 )
72720 Ap(y) :nxn 3EXM

min Aq(y) e X

sub. to  (f77IASE, XA+ Z)

[1-Xu

0
fly, X) =

\ X

0
1 — Xo

X2

X1\
Xo3
v

~ 0, X e8]
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NPMTANEE X = O 2 &8 IEfrmE b eE

(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7z7ZL, fi:R°xS"—=R, f:R°xS"—=R", QCR™

d-space sparsity pattern graph G(N, F)

N = {1,2,...,n}

Fo= ()i # . XyOHflE fo(y. X) or f(y. X) 1223 )
72720 Ap(y) :nxn 3EXM

sub. to  (fTPATFE, WA +HRA )

min Aq(y) e X
[1-Xu
0
fly, X) =
\ X
O—O

0
1 — Xo

X2

X1\
Xo3
v

~ 0, X e8]

: —@—@ chordal graph

® XeSi=X{i,i+1}) =0 (E=12,....n—1)—2x2.

.~ p.20/59



NIMTINZEEL X = O %250t E
(P) min fy(y, X) sub.to f(y, X) € 2, X € S}
7272L, i R°xS"—R, f:R*xS"—R", QCR™
d-space sparsity pattern graph G(N, F)
N = {1,2,...,n}
F o= {(i,j) i #7j, Xy foly, X) or f(y, X) ICHE }
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N THNEE X = O z2& I IE i biaE
(P) min fy(y, X) sub.to f(y, X) € 2, X € S}

7272L, i R°xS"—R, f:R*xS"—R", QCR™
d-space sparsity pattern graph G(N, F)

N = {1,2,...,n}

F o= {(i,j) i #7j, Xy foly, X) or f(y, X) ICHE }
(P) & (P’) min fy(y, X ) sub.to f(y, X) € 2, X € ST (F,7?)

| |G(N,E):G(N,F) ® chordal 55
(P) & (P”) min fy(y, X) sub.to f(y, X) € 2, X € ST (E,?)

T [C1,Cs,...,Cr: G(N,E) DK clique

(P™) min fo(y, X)sub.to f(y, X) € Q, X(C;)) =0 (j=1,...,0)

® C;NC,;# 0= "EHER" O IEEMEHTTIEgw
o "BEHEIZ"~D 2 DDk clique tree & H 5 HE &
SRR 2 w7051k

.~ p.21/59



(P) min fo(y, X) sub.to f(y, X) € 2, X € S"

0
(P™) min fy(y, X) sub.to f(y, X) € Q,
X22 X33 X34
X33 X34 X43 X44
X22 X43 X44

&/\ﬁﬁéﬁ) — \
o [z i 2 5 % F5 - e WA O — 2 3 D

.~ p.22/59



(P) min fo(y, X) sub.to f(y, X) € 2, X € S"

0

(P™) min fo(y, X) sub.to f(y, X) € 2,

X22 X33 X34
D% X33 X34 X43 X44
22
Xaz  Xug
( R E) =
o [EHC A2 2 2 FF 7 70 DTN DL — 2 38 D
1. clique tree Z H\» % JitE —3FUC X O Mm% 2 [fl—4d
11 112 V2 y2 y2 V3 y3 y3 - O
vi oyl o)’ 21 122 Loz | 21 122 To3 )
21 122 \ V2 y2 V2 V3 y3 y3
31 I32 133 31 T32 133

1 _ 2 2 3 2 3 2 3
}/22_}/117 )/22_Y117 Y23_5/127 3/33_Y22'

® FHENIZ, D, MEKZ K FXZ2RET 5T clique tree %

2%

.~ p.22/59



(P) min fo(y, X) sub.to f(y, X) € 2, X € S"

)
(P™) min fy(y, X) sub.to f(y, X) € Q,
X22 X33 X34
X33 X34 X43 X44

X22 X43 X44

.- p.23/59



(P) min fo(y, X') sub.to f(y, X) € 2, X €S

U
(P™) min fy(y, X) sub.to f(y, X) € Q,
X9 X3z Xas
X33 X34 X43 X44
X9
Xaz  Xy4

2. FEELH % H\vw 2 ik — X (Cp) %S9 DFEE

Eij ((i,j € Cr,i <) TX(Ck) = > jecy e BigXiy ERBLS

wlmlo) i) el

) X292

min fo(y, X) sub. to f(y, X) € €,
Z E;Xi; = O (k=1,2,3),

1,7€CL1<]

.~ p.23/59



domain-space conversion D % & &

G(N,F) : graph, N={1,...,n}, EC N x N; (i,1) € E,
(i,7) = (J,1) € E, E* = EU{(i,i) :i € N}.
S" (Sh) = nxn (GEIREME) T 0%E
SY(E,?) = nxn AEENTTIOES (B D AEHZFFD))
St (E,?) = {FILEMETIIcHmisénmgs X € S"(E,7) DEG }.
(P) min fy(y, X) sub. to f(y, X) € 2, X € S}
0 ® X, ((1,j) ¢ E°) Dflx X € ST TOAELH]
® G:chordal. Cy, (k=1,...,¢): G DK cliques
min fo sub.to f € Q, X(Cy) =0 (k=1,...,¢).
® X(C) =0 (k=1,....0) 3B LEEKZFD. clique tree %
v %5 751k < Fukuda et.al 01, Nakata et.al '03
R 2 F v 5 U5k

< Kim et.al for sensor network localization problems
to appear in SIOPT

. — p.24/59
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domain-space sparsity

FIEEEMSE IS B 1 5 BONE & range-space sparsity
# Kim,Koj,Mevissen,Yamashita Jan.09 — i

#» Fujisawa,Kim,Koj,Okamoto,Yamashita Feb.09
— Software for linear SDP

correlative sparsity

6. wHESEHR

BEbhIC
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G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.
Ci,...,Cp: G DK cligues. N = {1,...,n}.
S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.

S ={Y €S :Y;; =0 if (4,5) € C x C} for vC C N.

.~ p.26/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.
Ci,...,Cp: G DK cligues. N = {1,...,n}.
S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.

S ={Y €S :Y;; =0 if (4,5) € C x C} for vC C N.

S"(E,?) = E* DEZDAMED G- Z 6 T A 582751
ST(E,?) ={X € S"(E,?) : psd IZfli5aHik 5 }

.~ p.26/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

+
S"(E,?) = E* DEZDAMED G- Z 6 T A 582751

S (E,?) = {X € S"(E,?) : psd IZffi5aHik 2 }
Ve (O—)

c S*(E,0), X =

Y =

M o oo

|| U
o = O

®><

<

<

—

o

-

<C

~!

M

P

P

&

=

M

P

P

&

=

® Xo

(4,3),(J,1)€EE

r YeSi(E,OM:)X-YzOforVXGS’i
& XeY >0forvX e ST (E,?) = ICRHE.

.~ p.26/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.
Ci,...,Cp: G DK cligues. N = {1,...,n}.
S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.

S ={Y €S :Y;; =0 if (4,5) € C x C} for vC C N.

.~ p.27/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff
Y=Y'+Y*+.. +Y€for3Y’“eSC’“(k_1 0.

.~ p.27/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff

Y=Y'+Y*+-. +Y€for3Y’“eSC’“(k_1 0.

(D—2)—3) 1 ={1,2}, C, ={2,3}.
0 2 0 0
1 — 2 0 + 0
2 0 0 0

2
2
0
€ S%(E,0) eS¢ €

.~ p.27/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff
Y=Y'+Y*+.. +Y€for3Y’“eSC’“(k_1 0.

.- p.28/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff
Y =Y'+Y%+.. +Y€for3Y’feSCk(k—1,...,€).

(O—2)—3) 1 ={1,2}, C, ={2,3}. M :R" — S*(E,0).

M (u) € S5 (E,0)

.- p.28/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff
Y =Y'+Y%+.. +Y€for3Y’<eSCk(k—1,...,€).

(1 —2)—3) C1={1,2}, C,={2,3}. M :R"™ — S*(E,0).

ViV 0 0 0 0
M(u) e S3(E,0) M(u)=| Y5, Yy, 0 [+ ]| 0 Y5 Y3
0 0 0 0) \o v vz
‘

My = Y111>M12 — Y112> \ Mii(uw) Miz(u) o)

My =Y, + Y5, L o 4 Mo (u) Yo5 |
Moz = Yoy, M3z = Y33, Maa(u)—Y5,  Mas(u) O

[] - 0, [] - O ) \ MgQ(U) M33 U) -

.~ p.28/59



G(N, E) : chordal graph, E* = EU{(i,i) : i € N}.

Ci,...,Co: G DMK cliques. N = {1,...,n}.

S"(F,0)={Y €S":Y;; =0(¢,j) &€ E*}.

ST (E,0) ={Y € S"(&£,0): Y € S }.
={Y eS8} :Y,;, =0 if(¢,5) €C x C} forvVC C N.

EHY € S"(E,0) £95.Y € SH(E,0) iff
Y=Y'+Y*+.. +Y€for3Y’“eSC’“(k_1 0.

® {TH53 %% F 7= r-space conv. method — FijX— 2 A
# clique tree % H\>7- r-space conv. method — BijX— A1

.~ p.29/59



d-space conversion and r-space conversion D % & &
® chordal graph THHE T & L7z Bf 1

G(N, F) : chordal graph
C, (k=1,2,...,¢0) : K cliques.

d-space conversion: X € S” = X (Cy) € S¢* (k=1,2,...,0).

X(Cy) eST (k=1,2,...,0) ZMI 52T % 2 Hik
(d-ct) cligue tree = H\>7- d-dpace conv. method
(d-br) FEEFLRBZ H\v>7- d-space conv. method

r-space conversion: M(u) € S} (E,0)
M(u)=Y'+Y?+... 4+ Y for3y* e S (k=1,...,0).
(r-md) 115143 fi#% FH\v> 72 r-space conv. method
(r-ct) clique tree %z FH\»7: r-space conv. method

o (d-ct) & (r-ct) ((d-br) & (r-md)) 12 E.\ 1B 7 BAfR.
P: min M(u)e X sub.to X ~ O
D: max 0sub. to M(u) = O

.- p.30/59



d-space conversion and r-space conversion D % & &
® chordal graph THHE T & L7z Bf 1

G(N, F) : chordal graph
C, (k=1,2,...,¢0) : K cliques.

d-space conversion: X € S” = X (Cy) € S¢* (k=1,2,...,0).

X(Cy) eST (k=1,2,...,0) ZMI 52T % 2 Hik
(d-ct) cligue tree = H\>7- d-dpace conv. method
(d-br) FEEFLRBZ H\v>7- d-space conv. method

r-space conversion: M(u) € S} (E,0)
Mu)=Y'+Y*+ ...+ Y forI3Yy* e S (k=1,....0).
(r-md) 115143 fi#% FH\v> 72 r-space conv. method
(r-ct) clique tree %z FH\»7: r-space conv. method

.~ p.31/59



d-space conversion and r-space conversion D % & &
® chordal graph THHE T & L7z Bf 1

G(N, F) : chordal graph
C, (k=1,2,...,¢0) : K cliques.

d-space conversion: X € S” = X (Cy) € S¢* (k=1,2,...,0).

X(Cy) eST (k=1,2,...,0) ZMI 52T % 2 Hik
(d-ct) cligue tree = H\>7- d-dpace conv. method
(d-br) FEEFLRBZ H\v>7- d-space conv. method

r-space conversion: M(u) € S} (E,0)
Mu)=Y'+Y*+ ...+ Y forI3Yy* e S (k=1,....0).
(r-md) 115143 fi#% FH\v> 72 r-space conv. method
(r-ct) clique tree %z FH\»7: r-space conv. method

® ADDIEDRFRN L5, HH = FTROMIHE
o FIEFEE — X

.~ p.31/59



H X

1. ik e fE T

2. HIEEMEASE

3. domain-space sparsity
4

5

. FIEEMEM SIS B T 2300 & range-space sparsity

. correlative sparsity
#» Waki,Kim,Kojima,Muramatsu '06 for POP

#» Kobayashi,Kim,Kojima '08 for (Polynomial) SDP

6. sl NS
7. BbhHIZ

.~ p.32/59



(rf?ﬂ:/, = E\JV)SDP
min fy(y) sub.to y € R", Fy(y)

eSS (k=1,...,p)

G(N,E):

E —

correlative sparsity pattern graph; N = {1,...,n},

(i

L7 ]

D FFA 12 PAER }

.- p.33/59



(#, % EZ)SDP
min fo(y) subtoy e R", Fi(y) €e ST* (k=1,...,p)

G(N, F) : correlative sparsity pattern graph; N = {1,...,n},

E = lug): 7Y .
’ Tk v & y; DEIE F(y) ORI 23

. k=1

(1-yf 0 0 0 yive )
0 1 — y§ 0 ... 0 Y2Ys3
0 0 0
F(y) _ | Y3Ya
0 0 0 1 — yi_l Yn—1Yn
\ Yy1Yy2 YoUs  YsYa ---  Yn1Un L —Yp )

® Vy, € ZHATIAERX F(y) = O = c-sparsity (38>
® range-space sparsity % fH\» T = c-sparsity, K_X—3

.- p.33/59



(rf?ﬂ:/, = E\JV)SDP
min fy(y) sub.to y € R", Fy(y)

eSS (k=1,...,p)

G(N,E):

E —

correlative sparsity pattern graph; N = {1,...,n},

(i

L7 ]

D FFA 12 PAER }

.—p.34/59



(#-1, £ IH3)SDP
min fo(y) sub.toy e R", Fy(y) e ST (k=1,...,p)

G(N, F) : correlative sparsity pattern graph; N = {1,...,n},

o (ijj):i#ja ) \
Tk v & y; DEIE F(y) ORI 23
% (%t Z) range-space sparsity =\ T F(y) = O =77 =

1 . 4 S N 74
Y1 Y1y2 ) =0, (21,...,2—o . MEIZEE)

Y1Ys 21

1—y; iYi .
Yi Yilfit1 =0 (2<1<n-—2),
Yiliv1 —Zi—1 T Z

1 — ot _
yn—l y’n4 1yn i 0
Yn—1Yn 1 — Y, — 2n—2

® p=nflD 2 x 274X (5 FE4 4 DDEE) I
® G(N,E) %8’z chordal 55RZ i2 & &, sparse SDP #&AHl
3E A [ EE. B 4013 Schur comp. 1741238k

.—p.34/59



(rf?ﬂ:/, = E\JV)SDP
min fy(y) sub.to y € R", Fy(y)

eSS (k=1,...,p)

G(N,E):

E —

correlative sparsity pattern graph; N = {1,...,n},

(i

L7 ]

D FFA 12 PAER }
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(#-1, £ IH3)SDP
min fo(y) sub.toy e R", Fy(y) e ST (k=1,...,p)

G(N, F) : correlative sparsity pattern graph; N = {1,...,n},

E — (Z,]) . Z # j’ ~ <
Tk v & y; DEIE F(y) ORI 23
%l (ft Z) c-sparsity pattern n = 20

4| ATAIAES

) Fuy) =0 (k=1,...p)
| DRIP4 % A 1d Schur
| comp 1A DB & —%

20
eooe

30+

351

.- p.35/59



IR EMERTE R E
. EIEE AT
. domain-space sparsity

FIEEMEASE I B 1T 5 BONE & range-space sparsity
correlative sparsity

s MRS R

Ebhi
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SparsePOP (Waki-Kim-Kojima-Muramtasu '07)
— LRI % H\» 72 d-sparse conversion method &
correlative sparsity D& 2/

R ISR S TR (3 K) Rl
WEE 2 AEHIR S IE R (4 ) AL

~

HE S SERIRS T (6 ) Sl

SFSDP (Kim-Kojima-Waki '08)

— Sensor network localization /& (kG D 2 Xw i)
— FEEFRBL % F\»7- d-sparse conversion method &

correlative sparsity D& 2. /5

SparseCoLO (Fujisawa-Kim-Kojima-Okamoto-Yamashita '09)
— HJE SDP IZ X3 % 4 fEFHD conversion

® 2.66GHz Intel Core Dual, 12GB memory, Matlab, SeDuMi

.~ p.37/59



[FiH 1
min
sub.to

: alkyl.gms — globallib 2> 6 DX ¥ F = — 7 [l

—6.3x508 + 5.0429 + 0.3523 + 4 + 3.3674

—0.820x9 + x5 — 0.820x¢ = O,

0.98x4 — x7(0.01z5210 + 4) = 0,

—ToZg + 1023 + 16 = 0,

T5T12 — T2(1.12 + 0.13229 — 0.006723) = 0,

rgr13 — 0.0129(1.098 — 0.038x9) — 0.325x7 = 0.574,
T10T14 + 22.2x11 = 35.82,

r1x11 — 3rg = —1.33, Ibd; < x; <ubd; (: =1,2,...,14).

Sparse Dense (Lasserre)
cobj ‘feas CPY | Cobj ‘feas CPU
1.8e-9 9.6e-9 4.1 || outof memory

| RMED TS = ERURME |
“obj max{1, | i/ IMED T ’} '
ffeas = TRt DRAZE, cpu : GHEINE (1)

.- p.38/59



mHRIMLDO R v F <2 — 7 [HE
The gneralized Rosenbrock function — X%t 4 D% IH

frx) = 1+ Z (100(z; — 22_,) + (1 — 23))

The chained singular function — X#% 4 O % JE
fc(il?) — Z ((SCZ —+ 105137;4_1)2 —+ 5(5132'4_2 — LEi_|_3)2

icJ
+($i—|—1 — 2$7L—|—2)4 + 10(37@ — 1OSEZ'_|_3)4)
7z72L, J=1{1,3,5,...,n— 3}, n ¥ 4 DFEL
The Broyden banded function — %% 6 D% JH

f(x) = ) (567:(2 +527)+1—-) (1+ %‘)%‘)

1=1 JjE€J;

e, Ji={j:j#1i, max{l,i — 5} < j < min{n,i}}.
FiE 2 2 min fr(z) + fo(z) &3 @ min fr(z) + fp(z)

.- p.39/59



P 2 2 min fr(x) + fo(x) — 4K, IEHICER, ARATRME(E

Sparse Dense (Lasserre)

n EObj = Cpu GObj # = cpu
12 | 6e-9 214 0.2 1le-9 1,819 64.1
16 | 5e-9 294 0.2 | 1le-9 4,844 1311.1
100 | 2e-9 1974 1.2 | outof mem
1000 | 7e-11 19,974 16.9

2000 | 6e-12 39,974 45.1

3000 | out of mem

MO TR — RN |
ob] T T ax {1, [ B/MED R )
# = : SDP D&M %, cpu : FHERERT (7))

. — p.40/59



W 3t min fr(x) + fa(x) — 6 X, Bl asn 1, ARHAxEE

Sparse Dense (Lasserre)

n GObj = cpu GObj # = cpu
6 | 5e-11 923 8.8 || 5e-11 923 9.5
8| 2e-10 2,507 783 | 2e-10 3,002 234.4
10 | 8e-12 4,091 132.4 || outof mem
20 | be-11 12,011 414.2
30 | 5e-11 19,931 717.8
40 | out of mem

o MED RS — SERUR M |

Ob] = " max{1, | F/MED T |}

4 = : SDP OSREAFHL, cpu s FHEINR (1)

.~ p.41/59



Sensor network localization [f/&: s = 2 or 3.
x’ € R® : sensor DAz, B CGRAD (p=1,2,...,m),
' =a" €¢R° : ancho D&, BE AN (r=m+1,...,n),
&, = ||z — x?|*+e,, — BHEE (LA for (p,q) € NV,
N = {(p,q): ||z’ — x| < p = aradio range (BfH1)}
Z 2T ¢y, - NOISE

anchor Oz & 1 BEAN

m=9n=2 v edge 12 L C Bl ASIE]
..., 00 sensor sensor D7 % A &
6,7,8,9: anchor =

= i 2 X LAE QOP
18 —
\

6— D838
N ® SDP #%fll +? — FSDP by
2 >// Biswas-Ye '06, ESDP by
/ | [ 3 —5 Wang et al '07, ... for s = 2.

ﬁ/ﬁ\ ® 2 KRR — Tseng '07
7 9 for s = 2.

o ..

. — p.42/59



3 DD FED R FEER - sensor network localization [RE
m = sensor DA%, [0,1]? LI random (24346
4 > anchor [0,1]> D 4 FBICHACE
p =radio range = 0.1, noise L
FSDP — Biswas-Ye '06, a5 a2 A F E &\ D)3 )
SFSDP = FSDP + Bf{E:DJEH, FSDP & “:f
ESDP — FSDP @ & 5 72 2§EM1, FSDP X b 55>

SeDuMi cpu time in second
m FSDP SFSDP ESDP

500 389.1 35.0 62.5
1000 | 3345.2 60.4 200.3
2000 111.1  1403.9

4000 182.1 11559.8

. — p.43/59



m = 1000 sensors, noise & |
SFSDP = FSDP + Bfif: D iEH

%

% % @@ N
® ® ®®
B *
®®® §®®®® " * ® )
®EP ® ®
Bk g ® & WP )
% b P % 7
- ® %
®®®®$ +¥  F % ®
®% %®;® e @s% - -
"e %@@% %% B O P * %§%®§@%§
0.2 0.3 0.4 0.5 0.6 0.7 0. 0.9 1

anchor :
true: ()
computed : x
deviation : —
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m = 1000 sensors, noise & |
ESDP

anchor : ¢
true : ()
computed : *
|deviation ;: —

. — p.45/59



3 dim, 500 sensors, radio range = 0.3, noise «— N(0,0.1);
B E O /P2 dpg = (1 + €pq)dpg(BL D HHHE)
€pg <— IN(0,0.1)

SFSDP = FSDP + Bfil: D%

‘o~ < anchor: ¢

. true : ()

. computed : *
- .deviation : —
oY

. — p.46/59



e
,\I_Jﬁw
S =
mu\ﬁ
> 5
I g
o =
w g
OrC
c +
)
(-
" |
(@)
> =
S =
=
o ==
S A
© 2
g &
m%
c
o
S
LO
£
©
™

«— N(0,0.1)

€pq

SFSDP = FSDP + B> iEH + Gradient 2

.~ p.47/59

Q
true : ()
X

" computed :

anchor :
~deviation :




Quadratic SDP @ Linear SDP #ZAll
QSDP: min » " ¢;z; sub. to M(z) = O

1=1

M :R° — Sn, Mij 1 L1ye..yLg O)%Q 2)}’?@%1}55&

1 xf

Mij(x) = Qe ( - ) for every x € R”.

€r X

— Linear SDP #ZH1

1=1 L

R — I
SDP: min Zcm sub. to M (x, X ) = O, ( v ) =~ O
X

T

1 T
Mij(x, X) = Q;; o ( i;( ) forevery x € R*) X € §°,
xIr

® M R - S"2MHTH%EZ, SDP DixitfAilZ, QSDP d
#0117

o —fiZIZ, QSDP DixiFfi > SDP D i iFfif
= DITOEEEE 2, 3 TlE QSDP 21T Ty,

. — p.48/59



SDP: min Zcm sub. to J\/Zi(az,X) ~ O,

1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

. — p.49/59



° —~ 1 x!
SDP: min .x; sub. to M (x, X) > O,
> s o e ) -0, (L% )

1=1 L

A

=~ O

1 T
Mij(x, X) = Q;; o ( ﬂj{ ) forevery x € R°, X € §°,
£

N

1. 3HEXA QSDP — M(X) DI /Ny — D33 E

0

nz =121 nz =118

d-space sparsity pattern & r—space sparsity pattern

(s = 40, n = 40)

. — p.49/59



SDP: min Zcm sub. to J\/Zi(az,X) ~ O,
1=1

A

(

T
1:13)}0
r X

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

N

1. 3EXWA QSDP — M(X) DIEXr ¥ — )3 3 EAA

.- p.50/59



SDP: min Zcm sub. to J\/Zf(m,X) ~ O,

1=1

A

T
(1:13)}0
r X o

1 T
Mij(x, X) = Q;; o ( a;( ) forevery x € R°, X € §°,
£

1. 3E

N

N QSDP — M (X) DIEE 1 8% — v H3 3 EHA

SeDuMi CPU time in seconds
(size of Schur c. mat., max. SDP block size)

S n no sp. d-br r-ct | d-br, r-ct
40 | 40 8.38 0.97 8.83 0.68
(860, 41) (80, 40) | (898, 41) | (118, 2)

80| 80 384.43 11.72 402.86 1.58
(3320, 81) | (160, 80) | (3398, 81) | (238, 2)

320 | 320 - 100.36 - 24.57
(640, 320) (958, 2)
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SDP: min Zcm sub. to J\/Zi(az,X) ~ O,
1=1

A

(

T
1:13)}0
r X

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

N

1. 3EXWA QSDP — M(X) DIEXr ¥ — )3 3 EAA

.- p.51/59



SDP: min Zcm sub. to J\/Zf(m,X) ~ O,

1=1

A

1 x
r X

1 T
Mij(x, X) = Q;; o ( a;( ) forevery x € R°, X € §°,
£

T
=~ O

1. 3E

N

N QSDP — M (X) DIEE 1 8% — v H3 3 EHA

SeDuMi CPU time In seconds

(size of Schur c. mat., max. SDP b

ock size)

no sp

d-br

r-ct

d-br, r-ct

40

80

30.76
(860, 80)

6.27
(80, 80)

28.70
(938, 41)

1.52
(158, 2)

40

160

41.9
(860, 160)

21.86
(80, 160)

32.44
(1081, 41)

2.82
(238, 2)

40

640

474.51
(860, 640)

393.23
(80, 640)

46.26
(1498, 41)

11.60
(718, 2)
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SDP: min Zcm sub. to J\/Zi(az,X) ~ O,

1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

.~ p.52/59



_— — 1z’
SDP: min Zcm sub. to M (x, X ) = O, ( ” ) =~ O
r X

1=1

A

1 T
Mij(x, X) = Q;; o ( ﬂj{ ) forevery x € R°, X € §°,
£

2. M(X)DIEXuy—vp7ay 7 (2 x 2) Ni+Hgh

......

nz =199

nz =161

d-space sparsity pattern & r—space sparsity pattern
(s =40, n =41)
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SDP: min Zcm sub. to J\/Zi(az,X) ~ O,

1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

2. M(X)DIEXuy—vp7ay 7 (2 x 2) Ni+Hgh

.- p.53/59



SDP: min Zcm sub. to J\/Zf(m,X) ~ O,

1=1

A

T
(1:13)}0
r X o

1 T
Mij(x, X) = Q;; o ( a;( ) forevery x € R°, X € §°,
£

2. M(X)DIEXuy—vp7ay 7 (2 x 2) Ni+Hgh

SeDuMi CPU time in seconds
(size of Schur c. mat., max. SDP block size)

S n no sp d-br r-ct | d-br, r-ct
40 | 41 13.89 1.85 13.59 1.14
(860, 41) | (119,41) | (879,41)| (138, 3)

80| 81 532.73 19.26 529.99 2.98
(3320, 81) | (239,81) | (3359,81) | (278, 3)

320 | 321 - 253.49 - 76.15
(959, 321) (1118, 3)

.- p.53/59



SDP: min Zcm sub. to J\/Zi(az,X) ~ O,

1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

2. M(X)DIEXuy—vp7ay 7 (2 x 2) Ni+Hgh

. — p.54/59



SDP: min Zcm sub. to J\/Zf(m,X) ~ O, (

A

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( a;( ) forevery x € R°, X € §°,
£

2. M(X)DIEXuy—vp7ay 7 (2 x 2) Ni+Hgh

SeDuMi CPU time in seconds
(size of Schur c. mat., max. SDP block size)

S n no sp d-br r-ct | d-br, r-ct
40 | 81 30.41 12.26 12.28 0.94
(860, 81) | (119,81) | (899,41) | (158,3)

40 | 161 38.71 27.63 9.22 1.45
(860, 161) | (119, 161) | (939, 41) | (198, 3)

40 | 641 591.10 551.37 24.10 8.13
(860, 641) | (119, 641) | (1179, 41) | (438, 3)

. — p.54/59



SDP: min Zcm sub. to J\/Zi(az,X) ~ O,

1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

.- p.55/59



S — 1z’
SDP: min Zcm sub. to M (x, X ) = O, ( ” ) =~ O
X

1=1 L

A

1 T
Mij(x, X) = Q;; o ( ﬂj{ ) forevery x € R°, X € §°,
£

3. Eigenvalue Optim. of Structures (Kanno,Ohsaki '07)

nz =631

d-space sparsity pattern & r—space sparsity pattern
(s = 210, n = 186)

. — p.55/59



SDP: min Zcm sub. to J\/Zi(az,X) ~ O,
1=1

A

(

xIr

T
1w>>0
v |

1 T
Mij(x, X) = Q;; o ( ﬁ( ) forevery x € R°, X € §°,
£

3. Eigenvalue Optim. of Structures (Kanno,Ohsaki '07)

. - p.56/59



R — I
SDP: min Zcm sub. to M (x, X ) = O, ( ” ) =~ O
X

1=1 L

A

1 T
Mij(x, X) = Q;; o ( a;( ) forevery x € R°, X € §°,
£

3. Eigenvalue Optim. of Structures (Kanno,Ohsaki '07)

SeDuMi CPU time in seconds

(size of Schur c. mat., max. SDP block size)
S n no sp(p) d-ct(p) r-md(p) | d-ct, r-md
42 | 42 12.2 10.5 3.2 2.0
(946, 43) | (948, 42) (540, 43) (542,21)
72 | 69 296.7 303.8 19.6 8.7
(2488, 73) | (2493,69) | (1152, 73) | (1157, 30)
210 | 186 - - 600.7 525.9
- | (4691, 211) | (4704, 45)

(p) — EFE EFERFEER) N, (d) — PO AL R
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3. Eigenvalue Optim. of Structures (Kanno,Ohsaki '07)

SeDuMi CPU time in seconds

(size of Schur c. mat., max. SDP block size)
S n d-bs(d) d-ct (d) r-md(p) | d-ct, r-md
42 | 42 0.7 0.9 3.2 2.0
(85, 42) (364, 42) (540, 43) (542,21)
72| 69 3.1 4.2 19.6 8.7
(145, 69) (670, 69) | (1152, 73) | (1157, 30)
210 | 186 41.3 38.3 600.7 525.9
(421,186) | (1955,186) | (4691, 211) | (4704, 45)

(p) — EFE EFERFEER) N, (d) — PO AL R
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Exploiting sparsity characterized by a chordal graph structure
In polynomial SDPs via psd matrix completion

Polynomial each large matrix variable
SDP * exploiting domain-sparsity
multiple smaller matrix variables
each large matrix inequality
exploiting range-sparsity
multiple smaller matrix inequalities

* sparse SDP relaxation

Linear SDP with multiple smaller matrix variables and multiple

smaller matrix inequalities satisfying correlative sparsity
]

il *
sparsity of the Schur conmplement matkix

#® Overheads in domain- and range-space conv. methods;
adding equalities, real variables and/or matrix variables

# More efficient implementation? How do we combine them?
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