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Primal LOP with free vector variable z
D min d'z+c'x D :mxk, rank D =k,

st. Dz4+Ax=b, xc K, A:mxn, wherem >k
Dual LOP with equality constraints
D max b'y st. D'y=d, c¢— Aly e K.

Here IC : a symmetric cone such as SDP, SOCP, LP cones and
their products.

# How to handle free variables is an important issue In
primal-dual interior-point methods for SDPs.
# Some methods have been developed:

(@) freez =2, —2_,2, >0, z_ >0
(b) a second order cone
(c) aregularization technique of Meszaros by Anjos-Burer

(d) elimination of the free var. z and the eq. D'y = d
by Kobayashi-Nakata-Kojima — this talk
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Primal LOP with free vector variable z
D min d'z+c'x D :mxk, rank D =k,

st. Dz4+Ax=b, xc K, A:mxn, wherem >k
Dual LOP with equality constraints

D: max by st D'y=d, c— AlyecKk.
Here IC : a symmetric cone such as SDP, SOCP, LP cones and
their products. Two (equivalent) approaches:

#® Primal approach: Eliminate free variable z
by pivoting or LU factorization =

5. min 'z +4
. S.t. 22% = IA)Q, €T © IC, A2 : (m — ]{) X MN.
® Dual: Solve D'y =diny,, y = (y,,y,) € RFFmH

~ ~T ~T
D max by,y,+45 st ¢— A,y, €K,

® The size gets smaller, but A, could get denser than A.
# Numerical stability in pivoting or solving D'y = d in y,.
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Primal LOP with free vector variable z
min d'z+c'x D :mxk, rank D =k,

P
st. Dz4+Ax=b, xc K, A:mxn, wherem >k
A stable sparse LU factorization to D for simplicity,
(Markowitz pivot selection and its variations)
PDQ = LU o D=P'LUQ" = LU
k, U : k x kupper triangular,
L k .
L = ! . L, : lower triangular,
L2 m — k
an m x m permutation matrix, =1

QO

a k x k permutation matrix, =1
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Primal LOP with free vector variable z
D min d'z+c'x D :mxk, rank D =k,

st. Dz4+Ax=b, xc K, A:mxn, wherem >k

A stable sparse LU factorization to D
(Markowitz pivot selection and its variations)

D = LU
k, U : k x kupper triangular,
L k .

L = ! . L, : lower triangular,
L2 m — k
5 min &'z +4 Ay :(m—k)xn, Ay:kxn
S.t. 22% = IA)Q, T © /C, z = U_l(i)l — 2133)
é=c—A,UTd 4=bUTd,

~ —1 ~ —1
il _ L, O A, Pl _ L, O b
A 2 I b2 L2 I
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Primal LOP with free vector variable z
D min d'z+c'x D :mxk, rank D =k,

st. Dz4+Ax=b, xc K, A:mxn, wherem >k

A stable sparse LU factorization to D
(Markowitz pivot selection and its variations)

D = LU
k, U : k x kupper triangular,
L k .
L = ! . L, : lower triangular,
L2 m — k
5 min &'z +4 Ay :(m—k)xn, Ay:kxn
S.t. 22% = IA)Q, T © /C, z = U_l(i)l — 2133)

® Lk Is larger = smaller size
#® LU factorization is well-conditioned =- higher accuracy

® LU factorization (or 212) IS sparser = more efficient
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A stable sparse LU factorization (

x ok ok ok ok %k \
(Markowitz pivot selection): 0« x o« % =
1. Letay ((i,5) € Ag) be allcandi- | © ° * * * *
dates of pivot elements. g 8 £k ok
: .- 0O 0 % % % =
2. Numerical stability: Let \ ; )

A ={(i,5) € Ao : ‘aw’ > P, ( me)tX ‘a’]‘}
v,)

Here p € (0,1) denotes a parameter, stabllty i as o — 1.
3. Sparsity: Let
(¢%,7%) = arg mln(Z i) e A,
(# of nonzeros in ith row — 1) x
(# of nonzeros in jth column — 1)

4. Choose (i*, j*) as the pivot element.
#® p = 0.25In the next section "Numerical results".
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Numerical results

¥

SDPA, conversion + SDPA, SeDuMi, conversion+SeDuMi,
sglp(SDPT3), HSDsqlp(SDPT3).

49 SDP relaxation problems of POPs (from global lib),
sensor network localization problems, ODEs and PDEs.

SDPA was able to solve 42 SDPs among 49 with high
accuracy, log;o(duality gap) < —5.

8 SDPs showed worse duality gaps in SDPA and/or
conversion + SDPA among 49.

conversion + SDPA was not effective for 2 SDPs among 8
SDPs .

—> Numerical results on only 8 SDPs

.—p.11/16



Numerical results on 8 SDPs

log,o(duality gap)

conv+ conv+ SDPT3
8 SDPs | SDPA SDPA | sedumi sedumi | sqglp HSD
ex9 2 3| +0.01 -7.28| -10.14 -8.00 | -5.16  -5.79
st e42 | +1.03 -5.11 -7.24 -6.72 | -4.18 -8.71
mhw4d | -1.41  -5.87 -9.06 -8.40 | -9.19 -9.12
EQD20 | +3.23 -12.53 -5.47 -9.54 | -4.40 -2.08
odeT100 | -0.43 -7.19 -2.71 -7.86 | -5.91 -12.03
odeT500 | +1.56 -6.97 -3.02 -7.07 | -1.96 -2.09
exs 3 2| -830 -2.21 -4.77 -6.72 | -0.12 -5.99
alkylation | +5.97 +5.37 -0.00 -0.00 | +0.00  -0.07

Low accuracy

High accuracy
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Numerical results on 8 SDPs

log:o(p.f)

conv+ conv+ SDPT3
8 SDPs | SDPA SDPA | sedumi sedumi sglp HSD
ex9 2 3| -284 -1248 | -13.59 -11.13| -522 -3.56
st e42 | -2.48 -5.67 -8.41 -7.90 | -5.27 -5.09
mhw4dd | -5.37 -7.43 -9.57 -9.03 | -10.08 -8.92
EQD20 | +2.85 -7.43 -6.00 -6.93 | -7.18 -4.57
odeT100 | -4.64 -7.27 -8.89 -8.22 | -5.02 -7.01
0deT500 | -5.90 -5.30 -8.91 -7.52 | -1.64 -0.43
exs5 3 2| -7.64 -6.77 -8.62 -8.93 | +0.19 -4.43
alkylation | +0.29  -0.02 -0.00 -1.26 | -0.00 -0.00

Low accuracy

High accuracy

.—p.13/16




Numerical results on 8 SDPs

d.f =max {|min. { eigenvalues of ¢ — A"y, 0}|, [|D"y — d||;1}
logio(d.f)
conv+ conv+ SDPT3
8 SDPs | SDPA SDPA | sedumi sedumi sglp HSD
ex9 2 3| -7.11 -7.04 | -11.72 -990 | -5.87 -8.88
st e42 | -6.99 -7.18 -9.60 -15.08 | -9.53 -13.47
mhw4d | -7.15 -7.61 | -10.04 -8.52 | -12.21 -11.59
EQD20 | -0.84 -7.16 -6.73 -9.75 | -6.36 -5.07
0deT100 | -7.22 -17.22 -8.88 -8.97 | -17.70 -17.28
odeT500 | -4.91 -17.70 -7.99 -7.38 | -10.61  -8.99
exs 32| -7.10 -7.23 -8.36 -8.59 | -5.87 -8.88
alkylation | -0.77 -0.43 -0.04 +0.73 | +0.11 -0.69

Low accuracy

High accuracy
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1. Solving SDPs with free variables is not easy.
2. A numerical method for eliminating free variables for SDPs.

3. The basic idea behind the method is quite natural, and it
works effectively in some extent but not enough sometime.

4. Further study.
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